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V. On Periodic Solutions of Hamiltonian Systems of Differential Equations.

By T. M. CHERRY Ph.D., Fellow of Trinity College, Cambmdge and 1851 Exhibition
Senior Research Student.

A A

<
:é (Communicated by Prof. H. F. Baker, F.R.S.)
E E (Received May 17, 1927,—Read November 10, 1927.)
23]
e CONTENTS.
= O
O INTRODUCTION. ~ Pace
=« § 1. Comparison with former theories of periodic solutions . . . . . . . . . . .. ... .. 137
=2 § 2. Ordinary and singular periodic solutions . . . . . . . . . . . . .. ... ... ... 140
<z Y guiar p
S0 ‘ ‘
Ei: PrerLiMiNARY DErFINITIONS AND RESULTS.
8 2 5 § 3. Lagrange brackets and contact transformations . . . . . . . . . . ... L. 145
9‘2 § 4. Theexponents of a periodic solution . . . . . . . . . .. ... 147
=< :
EE v PERIODIC SOLUTIONS IN THE NEIGHBOURHOOD OF A KNowN PERIODIC SOLUTION.
§ 5. Transformation of the equations . . . . . . . . . . . . ... L. 149
§ 6. Periodic solutions when A, v are incommensurable . . . . . . . . ... ... .. 157
§ 7. Periodic solutions when A, v are commensurable,and Az=0 . . . . . . . . . . ... 163
8. Example illustrating the theory of §§5,7 . . . . . . . . . . . . . .. ... 178
P 8 y
§ 9. Periodicsolutions when A=0 . . . . . . . . ... ..o 181
§10. Direct construction of periodic solutions in the neighbourhood of a known periodic solution.
Convergence of the series . . . . . . . . . . . .. ... ... 184
§11. Transformation of the variational equations to normal form . . . . . . . . . . . . .. 199
Prriopic SoLUTIONS IN THE NEIGHBOURHOOD OF AN EQUILIBRIUM SOLUTION.
4 §12. ... ... ST 206
_ h EQUATIONS DEPENDING ON AN ARBITRARY PARAMETER M. .
< — §13. Variation of periodic solutions with an arbitrary parameter on which the equations depend . 210
>
@) E SUMMARY AND SYNTHESIS.
= §14. On the totality of all regular periodic solutions possessed by a given Hamiltonian system . 216
= O
E 8 InTRODUOCTION.

§1. OOmpamson with Former Theories of Periodic Solutions.

In the following pages it is proposed to develop ab initio a theory of periodic solutlons
of Hamiltonian systems of differential equations. Such solutions are of theoretical
importance for the following reason: that whereas the attempt to obtain, for a real
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138 T. M. CHERRY ON PERIODIC SOLUTIONS OF

Hamiltonian system, solutions valid for all real values of the independent variable ¢
leads in general to divergent series, for certain solutions which are formally periodic
the series can be proved convergent.* In the words of POINCARE, ““ ce qui nous rend ces
solutions périodiques si précieuses, c’est qu’elles sont, pour ainsi dire, la seule bréche par
ol nous puissions essayer de pénétrer dans une place jusqu’ici réputée inabordable.”t

The existing theory of periodic solutions of differential equations was developed by
PoiNcarE mainly with reference to the equations of Celestial Mechanics. With a suitable
choice of co-ordinates these are of the Hamiltonian form :

do, _ 0(Fo +uFy)  dy, 04 uFy) g _
a0y, dt T am (k=1,..m), . . (L1)}

where F, is a function of #,, ... z,, only and p is a ““ small ”” coefficient of the order (mass
of a planet)/(mass of the sun). It is natural therefore to take as starting point a periodic
solution S of the equations when p = 0, and then, éreating p as an arbitrary parameter,
to enquire whether the equations possess periodic solutions depending continuously on p
and reducing to S when w = 0. Solutions are thus found in which the co-ordinates are
power series in u, the coefficients in these series being periodic functions of ¢, and the
series are shown to be convergent under conditions of the form

—w<t<w, |p]< s

for a solution of given period T, ., has a finite value, but po—0as T - .
The object of the present investigation is to study as far as possible the whole aggregate
of the periodic solutions of a definite Hamiltonian system of equations,

kA At 1.2
oy, AT k=1,...m), . . . ... (1.2

v.e., of a system for which the Hamiltonian function F is a definite function of the
co-ordinates z;, ¥ 10t mvolving an arbitrary parameter . The theory of PoINCARE is
unsuited to this object, for of the periodic solutions furnished by his theory only those
whose period is not too great are valid for a definite non-zero value of p. fixed in advance.
When we have attained some knowledge of the periodic solutions of a definite system
we can extend the theory by supposing the equations to depend on a parameter p, and
enquiring how the aggregate of periodic solutions changes as p. varies. It should be noted
that even from this point of view PoINCARE’S theory is not to be considered very general,
because he considers values of p in'the neighbourhood of the special value p = 0, for
which the equations simplify in a far-reaching manner. '

* POINCARE, ‘ Les Méthodes Nouvelles de la Mécanique Céleste.” This will be referred to as Méth. Nouw.

t Op.cit., t.1, p. 82. - o ) 4

I In the numbering of equations, the figure before the point refers to the section ; those following the
point follow in each section the order of the natural numbers, e.g., (5.9), (5.10), (5.11), etc.
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HAMILTONIAN SYSTEMS OF DIFFERENTIAL EQUATIONS. 139

Having thus defined the scope of the present investigation in comparison with
Poincart’s theory, we may usefully make a further comparison on one or two points.

Definition of a Periodic Solution.—A function of f (¢) is ordinarily said to be periodic
with period T if for all ¢

FO=FC+T. ... ... (1.3)

It is well known that under certain conditions into which we need not enter such a
function is expansible as a convergent Fourier series, or equlvalently as a Laurent

series in the argument ¢/ :

<]

fly= S Mg (L4)

k=—w

We shall have under consideration such periodic functions only as are so expansible, and
shall regard the expansion (1.4) as defining the function: this may be called the
“ analytic > criterion for a periodic function in contrast with the “ functional * criterion
(1.3). From this point of view the quantity 2m:/T is more fundamental than the
period T ; it will be called the parameter of the periodic function (1.4). Any solution
will be called periodic in which the co-ordinates x,, y, are expressible as Laurent series
in an argument ¢ ; no restriction is placed on the constant #, but, of course, the period
of the solution is real only if »n is pure-imaginary. We call n the parameter of the
solution.

Method by which Periodic Solutions are Investigated.—In brief, the idea is to find a
contact transformation

wr =f1 (Zk, ul-)’ yr = gr (zk’ uk) """"" (1'5)

under which the equations (1.2) become so simplified that the existence of certain
particular solutions for the z;, w, is almost obvious. These solutions, when substituted
in (1.5), furnish solutions for the ,, y, which turn out to be periodic in the * analytic ”
sense just explained. The series which specify these solutions are proved convergent
by the method of Dominant Series or “ calcul des limites.”

Poincart’s method is entirely different. He aims at finding a solution in which the
co-ordinates all return to their initial values after ¢ has increased by a certain amount.
He thus uses the “ functional ** criterion (1.8) for a periodic function, whereas in this
paper we use the “ analytic ” criterion (1.4).

Type of Variable and of Series Employed.—1t is usual in Celestial Mechanics to employ
a set of variables of which half are ‘“ angle-variables.”* The series which naturally
occur are then usually Fourier or multiple-Fourier series. In this paper we do not
employ angle-variables, and the series which occur are always power series or Laurent

* We then regard as periodic any solution in which the angle variables return at the end of a period to
their initial values increased by an integral multiple of 2.

U 2
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140 T. M. CHERRY ON PERIODIC SOLUTIONS OF

series.® One consequence of the employment of such series is that the question of the
reality of the various solutions obtained falls somewhat into the background. To deal
with this question it is necessary to start from some results concerning the reality of the
fundamental transformation of §5, but the proof of these results appears to require
an uninteresting and rather detailed consideration of the manner of obtaining this
transformation, which is omitted for lack of space.

For simplicity, the exposition is confined to the case of a fourth order system, i.e., we
suppose # = 2 in (1.2). There is no difficulty in extending the results to systems of
higher order.

§ 2. Ordinary and Singular Periodic Solutions.

Before we embark on the theory of the periodic solutions of a general Hamiltonian
system of the fourth order it is natural to examine the mutual relations of the periodic
solutions of such special Hamiltonian systems as admit readily of complete solution.
Familiar dynamical problems which lead to such “ soluble ” systems are the spherical
pendulum, the plane motion of a particle under a central force or under two fixed centres
‘of gravitation, etc. For definiteness we shall considert (somewhat summarily) the
system 4

dz, _oF dy, _oF _
T %_~5@ k=1,2),....... (21)
where
F = (22 + 90%) + 32e (22 + 92°) + 3o {92 (22 — 912) — 22,901},

A1, Ag, o being real constants which are for definiteness supposed such that 0 < 2, < 42,.
Put
T = 1, SN ¢, Y =1C08 4 o . . . . ... (22)

and we find that the equations have the two integrals
L (Mr? + Arp?) — Lary?r, cos (24, — ¢,) = constant = f say, (2.3)
ir? + 72 = constant = ¢? say ; (2.4)

* Those familiar with Celestial Mechanics will know how fundamentally the nature of the solution of a set
of Hamiltonian equations varies according as certain “ mean motions” are commensurable or incom-
mensurable. The usual procedure employing angle-variables and the Hamilton-Jacobi method works very
simply in the “ incommensurable * case, but is more complicated in the “ commensurable ”’ case : one need
only compare Chapters IX, XIX and XX of “ Méth. Nouv.” to appreciate the difference. In the present
paper, by not using angle-variables we are unable conveniently to employ the Hamilton-Jacobi method, but
we are able to deal, with almost equal ease, with the “incommensurable ” and ““ commensurable  cases.

+ For fuller details, see CEERRY, ‘ Trans. Camb. Phil. Soc.,” vol. 23, p. 169 (1924), “ Some examples of

trajectories defined by differential equations of a generalised dynamical type,” Example VII.
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HAMILTONIAN SYSTEMS OF DIFFERENTIAL EQUATIONS. 141
and that
H(2) —wrg (2 — P — = g — B — W) )2 = G () say, . (@9)
d 2f — Ag? d - Mg®
-El‘i—? =1 —|-2(92 __;22), ;;2 =16+ N +f—-—T2219 N X))

We may thus solve by quadratures in succession for 7,, ¢;, #,, and 7, is then given by
(2.4). We shall consider only real solutions for the z,, ¥,, so that from (2.4) we must have
0 = r2 = ¢?, and there will be a real solution only if f, g have such values that ¢ (r3?) is
positive at one point at least of the range 0 = r* =< g2, :

We first enquire for what values of f, ¢ the polynomial ¢ (r,2) has a double root in the
permitted range. Suppose g to have a definite value ; then when f = 3,62, ¢ has the
double root 72 = g2, and there are easily shown to be two other values f = f, (¢)
f =12 (9g), for which there are double roots r,* = a?, r2 = b? respectively. If

a?g? < (3ry — N3,

we have 0 < a? < g2 < b?, and if «2¢? > (32 — )2 we have 0 < a2 < 0% < 2. When,
say, f = f1(9), we have for ;2 the ““ equilibrium-solution ”* 7,2 = a2, so from (2.3), (2.4),
(2.6), 7 and (24, — ¢,) also are constant, and ¢,, ¢, are linear functions of £; these
solutions, when substituted in (2.2), give periodic solutions for the z,, y,. We thus
find explicitly the following periodic solutions :

Family 1: ,
=1y =0, T,=gsin A, (£ +¢c), ys=gcos A, (¢ + ¢) g,c arbitrary constants; (2.7)

Families, 1, 1T : |

ay = {2 (A — p) (Ae — 2p)} sin p (£ + ), sy = (A —p) sin 2p ( t+5) (2.8)
agy = {2 (M — ) (he — 2u)}icos p (E 4 <), ayy = (A —p) cos 2u (¢

where ¢ is an arbitrary constant® and p is a root (the smaller root for Family II the
larger for Family III) of the equation

(M — 1) (M 2 — 3p) = P2

Family Il is real for g> = 0 and has p =< A,, while Family III is real for a2¢2 = (321, — 2,)2,
and has p =12,.

When f, g have such values that {(r,2) has two simple roots 7,2 = g2, v such that
0 < P <y®<g® and also that ¢ >0 When R < 12 < v2, (2.5) glves for 7,2 a real
periodic solution having the period

— j:drzz/{q, R (2.9)

* Here and below (in this section) any ¢ is understood to be an arbitrary constant of integration.
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142 T. M. CHERRY ON PERIODIC SOLUTIONS OF

For our purpose we shall consider only values of g% in the range 0 < g2 < ($A; — 1,)%/e2,
and values of f in the neighbourhood of f = 42,42. We find that when f < 1a,¢? there
are roots 7,2 = 2, y? satisfying these conditions, so the equations (2.6) become of the
form

%ﬁ! = 01 -+- %1 {C’m Ccos 2mm (t + e)/T + D'm sin 2mom (t + 8)/T},

d;“" C, + Z {C”m cos 2rm (¢ + ¢)/T + D", sin 2nm (¢ 4 <)/T},

where the C, D are constants depending on f, g. The solution is of the form
¢, — C; (¢ + ¢,) = periodic function of (¢ -} ) (period T),
$s — Cy (¢t + ¢4) = periodic function of (¢ - <) (period T).

Now the existence of the relation (2.8) shows that the arguments C, (¢ + ¢,), C; (¢ + €2),
2n (¢ + ¢)/T cannot be independent ; in fact, cos (2¢; — ¢,) is periodic with period T,
and (¢, — 24,) increases by 2r when ¢ increases by T,* so that we must have

02 - 201 == QW/T. ........... (2.10)

Thus the z,, y, are doubly-periodic functions (period 2x) of the two arguments
Cit+2),  Co(t+ e,

mo= 0, {Cy (t+e) Colt+eo) frg%] -

Y =10:Ci+=), Clt+e) f, 92}}’

and it is easily seen that C,, C, are continuous functions of f, g, and that 6,, x, are
continuous functions of their four arguments. We thus have in (2.11) the general
solution of the equations (2.1), valid for values of f, ¢ in the range

say,

0 <9< (3, — 7\1)2/“2> MR <[ <3ng%

It may be shown that
(2f — 2 0%) dry?
01 - 17\ + 2T L=(g _7.22)2{4, 7.2 }&9 .
d
L R

and thence the relation (2.10) may be verified. We may show further that as f-— 42,42,
so that the roots 7,2 = #2, y* tend to coincidence at 7,2 = ¢?, C, and C, tend continuously
to the values :

Cr—3x — {(32; — )2 — 3¢}, Co—>ng, . . . .. (2.13)

* This is true only when f lies between 1M9% and A,¢%; when f < Ag% ¢y — 2¢, returns to its initial
value when ¢ increases by T (see the author’s paper cited above, footnote to p. 198).
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HAMILTONIAN SYSTEMS OF DIFFERENTIAL EQUATIONS. 143

and the solution (2.11) changes continuously into
=y =0, @y=gsinry(t+es), Yo =90C08 Ay (¢ + ¢a),

viz., into the Family I of periodic solutions.

We are now in a position to investigate all the periodic solutions which exist for values
of f, ¢ in the range under consideration. The solution obtained from (2.11) by giving
J> 9, &1, e, any definite values is periodic provided C, and C, are commensurable ; in fact,
if f, g have such values that

Cl = Q%IW/T(), 02 = 2‘7?!27?/T0, ........ (2.14)

where 5, 1, are integers mutually prime, (2.11) gives a single inﬁnity* of periodic solutions .
all having the period T,. Moreover, the relation

CyfCy = mafng o o o . C L. (215)

is a continuous relation connecting f and g, so we may leave ¢ arbitrary and determine f
in terms of ¢ so that (2.14) are satisfied, T, being now a continuous function of g. Thus,
with ¢ arbitrary and f so determined, (2.11) gives a continuous doubly-infinite family of
periodic solutions, the period T, varying continuously from member to member of this
family, and being, of course, constant over singly-infinite sub-families ; there is a family
of this sort corresponding to every commensurable ratio %, /ny, the period T, being the
lowest common integral multiple of 2r/C;, 2n/Cs.

Now for suitable values of the ratio n,/n, there will be values of f, ¢ which satisfy
simultaneously the relation (2.15) and

F=1ng 0<a@<(@3h— NP . ... ... (216)

for we have seen that as f— §x,0%, C;/Cy — § — {(3 A3 — A2 — «2¢%}}/2,, so that for
any value of n; /n, between 2/, and % there are values of f, g satisfying (2.15), (2.16).
Hence to the doubly-infinite family of periodic solutions corresponding to such a
commensurable value of n,/n, belongs as a limiting member a periodic solution of
Family I, viz., that solution for which § — {(}2s — 7)) — «29%}#/%, = nyfn,. This
solution is described as a limiting member of the family because—

(1) Its period is 2m/x,, whereas for neighbouring solutions of the family the period

- To, = 2mym/C, tends as f — 32,92 to the value 2n,m/2,, and n, is an integer in
general greater than 1.

(i) When f 5 2,97 there is a single infinity of solutxons having the same pemod T,
whereas there is only one limiting solution having the period 2r /A,

(111) The doubly-infinite family is real for f < 42,92, but unreal for f > %kzg

* We do not regard as distinct two solutlons of which one differs from the other only by the addition of a
constant to ¢, so of the constants ¢,, €, which remain arbitrary one may be suppressed.
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144 T. M. CHERRY ON PERIODIC SOLUTIONS OF

We may regard this doubly-infinite family as branching from Family I at the solution
for which ¥ — {(32, — A)? — «2¢?}/%, = n, [n,, and there is such a family branching
from each solution of Family I for which § — {(¥2, — 2,)2 — o2¢?}¥/2, is a commen-
surable number between 2,/x, and }. It is readily shown that this quantity is the
ratio of one of the non-zero exponents* of the solution (2.7) to its parameter v2,, and for
any periodic solution we call the corresponding quantity its characteristic ratio.

We now enquire whether there is a corresponding doubly-infinite family of periodic
solutions for which n,/n, = %. If this is so we see from (2.10), (2.15) that T will be
infinite, so the values of f, ¢ must be such that ¢ (»,?) has a double root ; on this account
the family in question, if it exists, must be furnished by some limiting form of the general
solution (2.11). ~ Now for Family III, given by (2.8) with & = }x,, we have obviously
C,/C; = }, and it has as limiting member when p = §2,, «2¢? = (§A, — 1,)? the solution

=1y =0, a®y = (A — FA,)8In Ay (¢ + ¢), ayy = (A — $2g) cos X (¢ + ¢),

which is the solution of Family I whose characteristic ratio is . We see, then, that from
this solution there does branch a family of periodic solutions, but this family (viz., Family
111) is singly- and not doubly-infinite. It resembles the previous doubly-infinite families
in that as f -—— $%,¢? the period 2= /u tends to the value 2n,m/2,, 7, having the value 2.

By a similar method we can investigate the periodic solutions which exist for values
of f, g outside the range we have been considering. It will be found that for the periodic
solutions of Families IT, III, the characteristic ratio (viz., the ratio of a non-zero exponent
to the parameter 1y) is real, and that doubly-infinite families of periodic solutions branch
from those solutions for which this ratio is rational. On the other hand, for those
solutions of Family I for which «2¢*> > (3%, — 2,)? the characteristic ratio is unreal, and
there are no families branching from this portion of Family I.-

It appears to be true that for any fourth order Hamiltonian system of which the
complete solution can be carried through, the families of periodic solutions are of a
similar nature to those just considered in detail.t We may summarise as follows :—

The periodic solutions are of two kinds, which we shall call ordinary and singular,
respectively.f Ordinary periodic solutions occur in continuous doubly-infinite families
over which the period varies continuously, being constant over singly-infinite sub-
families ; all their exponents are zero,§ so they have their characteristic ratio zero.
Singular periodic solutions occur in continuous singly-infinite families over which the
period varies continuously ; their characteristic ratio is in general non-zero, and varies
continuously over the family. Let & be a singular periodic solution belonging to a family

* For definition, see § 4 below.

1 For some examples of soluble systems, see the author’s paper cited above. On this classification of
periodic solutions, compare WHITTAKER, ‘ Proc. Roy. Soc. Edin.’ (1916), ““ On the adelphic integral of the
differential equations of dynamics.”

+ WHITTAKER, loc. cit., §1.

§ Of. “ Méth. Nouv.,” No. 148,
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HAMILTONIAN SYSTEMS OF DIFFERENTIAL EQUATIONS. 145

J, the characteristic ratio of £ being real and rational ; then, in general, there branches
from the family Jf at & a family of ordinary periodic solutions, for which the period
tends continuously in the neighbourhood of & to an integral multiple of the period of .
Exceptionally, however—i.e., at isolated members of the family Jf—there may branch
a finite number of singly-infinite families of singular periodic solutions instead of one
doubly-infinite family of ordinary periodic solutions.

The most striking result of the investigation which follows is that for fourth order
Hamaltonian systems in general, the periodic solutions are in general * singular” : they
satisfy in general the above definition in that they occur in singly-infinite families and
have their characteristic ratio in general non-zero. We show, in fact, that any periodic
solution £ belongs in general to a singly-infinite family §f, along which the period and
the characteristic ratio vary contlnuously, and that if & has its characteristic ratio
real and rational, there branch in general from ff at & a finite number of singly-
infinite families (in general two) of periodic solutions, along which also the period and
the characteristic ratio vary continuously.

This result indicates that Hamiltonian systems of equations may be divided into two
categories according to the nature of their periodic solutions. For systems of the first
category the periodic solutions are in general ““ ordinary ”’: such systems may be appro-
priately described as soluble since apparently all readily soluble systems are here included.
For systems of the second category the periodic solutions are in general ““ singular,” and
they may be described as insoluble, since here apparently all systems which have hitherto
resisted solution are included.* |

PrELIMINARY DEFINITIONS AND RESULTS.

§ 3. Lagrange Brackets and Contact Transformations.
If 2n variables @, ... %, 4, ... ¥, are functions of any number of other variables

21, %3, + .., the expression
3 <8xk§l %, ayk>
k=1\02, 62, 0z, 0%,
is called the Lagrange bracket of z, and z, and is written
[2r, 2] Or [21) 2]

the latter notation being used when there is risk of confusion through other functions of
the 2 beside the 2 and 4, being under consideration. It is easy to prove the identity

[zr, 2, + [z.,,z] + = 7 [ 2] =0. . . ... ... (8.1)

* A similar designation of dyna,mlcal equations as ¢ integrable’ or ‘ non-integrable’ will be found in
BirkrorF, ¢ Rend. Circ. Mat. Palermo,” t, 39, p. 1 (1915); ‘ Trans. Amer. Math. Soc.,” vol. 18, p. 199
(1917) ; and in other places,

VOL. CCXXVIL—A, X
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The conditions that a trahsformation"

= q'l'k (ZI: woe Zny ul’ v Uns t) } (k == 1 )a

Y = ¥ (zb see Zny Ugsoe u,,,t
or, as we shall write for short—
Ty = ¢R§ (Z,., Uy t), Yr = "pk (Zr, Uy, t), ........ (3.2)

may be a contact transformation, i.e., shall transform any Hamiltonian system of differen-
tial equations into another Hamiltonian system, may be expressed as follows: Taking
the Hamiltonian system

do, 38 dy, _ _F g
& oy tm, E=Lo.en)

suppose that on expressing F' in terms of the 2z, u, ¢ by means of (3.2) we obtain

F (2 Y £) = H (2, g, 1)
Then we have

= BH+%MHH-4*[%ﬂ1

ol D g [ (3.3)
5 = Bl + zl[zl,u]—f— 4Ll [un,u]j
Now suppose the conditions
(2, 2] = [, u] =0  (r,s=1,...n)
[2,, u,] =0 (rys=1,...0; 7 #8) r ...... . (3.4)

[z, u,] =1 (r=1,...m) ]

are satisfied ; then from the identity (3.1) it is easily proved that
5. 9 '
1t 6] = S 1 o)

where «, B stand for any two of the z, u, 80 that there exists a function M of -the

2, Uz, ¢ such that

o
[z, z]-———é—i\—r{, [t u,]=--g—%/‘f. ........ (3.5)

Thus, in virtue of (3.4), (3.5), the equations (3.3) reduce to

dey _ 0K du _ _ _ .
dt  Ou dt Bzf(r L)

the new Hamiltonian function K is equal to F' 4 M, where M depends only on the trans~
formation (3.2) and is defined by the consistent equations (3.5).
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§ 4. The Exponents of a Periodic Solution.
Let ‘
d
_0%: X, (@, ...2) (k=1,...m) . . ... ... (4.1)

be a set of differential equations having the periodic solution

5=¢ () (k=1,...n) (4.2)
of period T. Neighbouring solutions of (4.1) are obtained by making the transformation
T = ¢ (1) + & (k=1....m) ‘ (4.3)

and solving the resulting equations for the £,. If powers of these variables higher than
the first are neglected, we obtain a set of homogeneous linear equations with periodic
coefficients, called the variational equations,* formed from (4.2) as generating solution.
The form of the solution of such equations is well knownt to be '

g, = ¢ q’kl (t) + . A (t)’ (4.4)

where the ¢, are periodic functions of ¢, the 2, are definite constants called the
characteristic exponents,} or, for short, the exponents of the solution (4.2), and the ¢, are
the arbitrary constants of integration. As defined by (4.4), the exponents are indeter-
minate to an arbitrary integral multiple of 2r./T : we may make the definition precise
by requiring that for each exponent 2, the real part R, of the ratio 3, T /2 shall satisfy
the condition — 3} < R, = 1.

 When two or more of the exponents are equal the form (4.4) of the solution of the
variational equations must be modified in general by the introduction of terms poly-
nomial in ¢.

It may be remarked that the validity of these results is in no way dependent upon T
being real, but this is, of course, the important case from the dynamical point of view.

- When the system (4.1) has the Hamiltonian form the exponents fall into pairs, the
sum of those in any pair being zero.§ If, moreover, the functions ¢, (¢) in (4.2) are not
all constants, two of the exponents are always zero.

Suppose the fourth order Hamiltonian  system

dy, _OF  dy, __OF —

i & (kb= 1,»2), R (4.5)
in which F is an analytic function of &, y, ., %», possesses the periodic solution

T = ¢, (2), Y = $r (9 (k=1,2. . .. ... . (4.6)

* < Méth. Nouv.,” Chap. IV. -

t See, for example, “ Méth. Nouv.,” No. 29.
1 “ Méth. Nouv.,” Chap. IV.

§ “ Méth. Nouv.,” No. 69.

X 2
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For the solutions which will be under consideration, ¢,, ¢, will be developable as
convergent Laurent series in an argument ¢/, and the constant v will be called the
parameter of the solution ; it is connected with the period T by the relation vT = 2.
If the ¢,, ¢, are not all constants two of the exponents of the solution (4.6) are zero,
and the other two, say -2, which are in general non-zero, have their sum zero. The
quantity A/v,will be called the characteristic ratio for the solution (4.6) ; its real part R
satisfiess 0 = R = 1. '

If the functions ¢,, ¢, are all constants we call (4.6) an equilsbrium solution of the
equations (4.5). It may be considered, of course, as a special case of a periodic solution.
Of its four exponents =+ 2,, 4 2,, none is in general zero. In the variational equations

%= ok + o+ ool (k =1,... 4),

the a,, are now constants, and the exponents are the roots of the equation
Gy — A, Qs 5, - |=0.
Oy 5 gy — A,

) ces ’ ees

In the investigation which follows we start from the hypothesis that for the system (4.5)
we know onme periodic solution &, and the bulk of the paper is occupied with finding,
for the neighbourhood of 3, those families of periodic solutions to which & belongs. Any
solution thus found can be made the base for a similar investigation, and so on. In
the last section an attempt is made to synthesise the knowledge gained from such
“local ” investigations, so as to gain some idea of the nature of the totality of the
periodic solutions possessed by the equations. The initial hypothesis that the equations
possess one periodic solution will be seen later to be of a not very restrictive character.
For general investigations relating to this point reference may be made to BIRKHOFF,
‘ Trans. Amer. Math. Soc.,” vol. 18, p. 199 (1917), “ Dynamical Systems with Two Degrees
of Freedom,” and to WHITTAKER, ‘ Analytical Dynamics * (3rd edition), § 168.

The work of §§ 5-11 falls into two parts:

(1) If we make a transformation to new variables z., %

Cﬂk =f1: (Zr? ur’ t): % = gk (Z,., ur’ t)’

in which the functions f;, g, are as regards ¢ periodic with parameter o, any periodic
solution for the z,, u, of parameter o will transform into a periodic solution for the
%, 4. We find a transformation which so simplifies the equations (4.5) that the exist-
ence of periodic solutions is almost obvious. The transformation gives the old variables
%, Y &S power series in the new variables 2, w, but as these series cannot be proved
convergent this theory proves only the formal existence of periodic solutions for the

Lrs Yro
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HAMILTONIAN SYSTEMS OF DIFFERENTIAL EQUATIONS. 149

(i) When the formal existence of periodic solutions has been proved (§§ 5-9), it is
easy to give a process for their direct construction, and the resulting series may be proved
convergent by the method of dominant functions (§§ 10, 11). ‘

The details of the theory differ according as the known solution &, from which we
start, is or is not an equilibrium solution, though the main lines are the same in the two
cases. We shall treat in detail the general case only in which the periodic solution £
is not an equilibrium solution.

Periopic SoLuTioNs IN THE NEIGHBOURHOOD OF A KNowN PErIODIC SOLUTION,
§ 5. Transformation of the Equations.
We consider fourth order Hamiltonian systems of differential equations

do, _ oF ) =1,2 5.1

T o i k=12, ... ..... (51
in which the Hamiltonian function F is an analytic function of the z,, y, not 1nvolvmg t.
For these equations we suppose that we know a periodic solution of period T :

n= 60, G=bO (k=192 ....... (52

We suppose that F is developable about every point of this solution, and is single-valued
in the neighbourhood of the solution.* Then, if in (5.1) we change the variables by the
contact transformation

=) + 8 wm=dx® +m .. ... .. (5.3)
we obtain for the &;, v, equations of the form
B _ g dn_ |
dt - ““k} dt —— Hk, . . s e e e e q‘ . . (5.4)

in which the =, H; are power series in the &, 1, with coefficients periodic in #.T Since
(6.2) is a solution of (5.1), the F;, H; vanish with the &, ;.

We shall treat here the general case in which (5.2) is not an equilibrium solutlon for
the special case of an equilibrium solution, see § 12 below.

First Transformation.—-If on the right of (5.4) we neglect terms of higher order than 1

* The meaning of this phrase is as follows: Let ¢ start from a value £, and change continuously to a
valuet;, = to -+ #T (nintegral) ; then (5.2) define, in the (complex) planes of the w, ys, closed curves through
the points 210 == ¢z (o), y4® = ¥ (f,). The hypothesis is that if we start from the development of F in powers
of @y — @i% yu — Y0, its analytical continuation along these curves back to z0, %0 is to yield the same
geries as at starting. :

1 The coefficients would not necessarily be periodic if F were not single-valued in the nexghbourhood of
the solution (5.2).
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in the &, 1z, we obtain the variational equations of the solution (5.2). By means of a
homogeneous linear contact transformation with coefficients periodic in ¢, say

E;k : ek (Cﬁ Wy, t); Ny = Ak (Cn ©yy t) (5°5)
we may reduce these variational equations to a simple “ normal ” form*—

dc"’ an c_lﬁ)_’f an . . _
dt awk dt = aCk (k—“la 2)) C (56)

if we write v = 2m:/T, and 0, 0, 4 X are the exponents of the solution (5.2), the form of
G, is in the various possible casest as follows :—

ALy, A 20,  Gy= Ao, —3al2; . .. ..... (67
Fa=1v, O =Plo, —dalt W L. oL (58)
A =0, G=alo, + PG+ Gl + L2, .. ... (59)

where a, b, c, d are constants. Now apply to (5.4) the transformation (5.5) and we obtain

equati'ons of the form -
de oG dop oG '
dt awk , dt ~—~ BC,C, L D B (5'10)

in which G = G, -+ G, and G’ is a power series in the ;, o with periodic coefficients,
whose terms of lowest degree are at least cubic.

We assume that all the periodic functions of which there has been mention are
expansible as Laurent series in &™* je., in ¢?.  Since F does not involve ¢ we may
add to £ an arbitrary constant ¢ in the solution (5.2), and wherever ¢ appears subsequently ;
writing y = e the periodic functions are thus Laurent series in ye”, where vy 1S an
arbitrary constant. With the convergence of these series we are not at present
concerned.] With a slight change of notation we write, then, for the linear contact
transformation which results from (5.3), (5.5)

x, = O (Cr; Oy, Yevt): Y = Ak (&rs @ ve”) C I (5°11’)

and (5.8) becomes , , ,
| Gy = Plo, — al2 + Wee (v ... .. (512)

The generating solution (5.2) is obtained from (5.11) by putting & = o, =0. We

* CHERRY, ‘ Proc. Lond. Math. Soc.,” vol. 26, p. 211 (1927), “ On the transformation of Hamiltonian
systems of linear differential equations with constant or periodic coefficients.”

¥ Only these cases are possible because by definition we may always suppose that the real part of A/v
lies between 0 and 2.

1 The justiﬁcation of the hypotheses that have been made concerning the single-valuedness of F and the
expansibility of the periodic functions, and that will be made concerning the convergence of the series, will
be considered in §§ 10, 11, below.
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call (5.11) the normalising contact-transformation for the neighbourhood of this solution,
and (5.10) the corresponding normal form of the equations (5.1).

Formal Solution of the Equations.—It has been shown by the author* how to construct
for (5.10) a general solution of the following form : the &, «; are power series in four
arguments— '

e, Ble—)‘t, o ag, By,
with coefficients which are Laurent series in ye’ with coefficients polynomial in ¢; the
series begin with terms of the first degree ; here y remains an arbitrary constant, and the
ar, By are arbitrary constants whose Lagrange brackets have the values

l . _[“1? Bl]gw = [062, B2]§w —_ l
[al’A”’?]@ = [0513 32]&; = [Bl, “2]49’ = [Bla Bz]s‘w = (.

Inserting this solution in (5.11) we have for the w;, 4, a general solution of the same form,

say—
fk “16M Ble ' ogs Bas YEY, t) E
‘ s e (5.13)
: y"? = gk'-(%@'\t: Ble‘)‘ta %o, 52’ Yept: t) .
and since (5.11) is a contact transformation the relations just written lead to
[or1, Bl]f’g' = [“m Bz]f’y' =1 ' |
- . . (5.14)
[, “2]1"9' = [“h ‘32]f’g’ = [@b mz]f’y’ = [Bys Bz]f’a’ =0 :

Second Transformation.—Put t = 0 throughout (5.13) and then replace y wherever it
occurs by y'e”; this yields a transformation, say—

Ty “"‘fk (“1, @1: “2, Bas ¥ eﬂ) }
Yr = G (“1: B1s %2, Bas Y ed)

to new variables «,, B, «,, Bas dependmg on two a,rbltra,ry pa.rameters Y’ o and on ¢, as
well as on the «;, By :

We first note that (5.15) is a contact transforma,tlon, for on forming the Lagrange
brackets of pairs of the «;, 8, we do not differentiate with respect to ¢ or v, so that, for
instance—

["—{f k(“le > Bie” Aa“z: Bas Ye t)}:]

t=0,y=y’eat

: S : y o 0 . . .
= é—“"[flk (“16M: Ble M, o, Pa, YE t: t)t=0,y=y’e“] = 'a';"{ﬁ:(“l’ B1y ag, 52: Y’ed)},
1 : 1
and R o
[, Buliy = {[os Bl]f'd'}t=o;,y‘= yet=1;
* ‘Proc. Lond. Math. Soc.” vol. 27, p. 151 (1927), “ On the solution of Hamiltonian systems of
differential equations in the neighbourhood of a singular point.”
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152 T. M. CHERRY ON PERIODIC SOLUTIONS OF
thus, from (5.14) we deduce

e, Bilyw = [aa, Bz]fv =1 },
[y, ag]sy = [, Bz]fa = [By, “2]fi7 = [By, Balp =0

which are the conditions that (5.15) should be a contact transformation. :
~ From § 3 the Hamiltonian function of the transformed system is ¥ -- M, where M is
defined by the consistent equations

oM oM
a—;;:[“k’ t]fg, ’a“—ﬁ-k:[ﬁk, t]fy- ® e b e e e s s (5‘16)

First consider the expression for F. This is obtainable by substituting from (5.13) to
express F in terms of v, ¢ and the o, B;, and then putting ¢ =0, y = y’¢”’. On making
this substitution F' becomes a series of the form

F = X (0,6 (867 " By" (ve¢)° X (polynomial in ),

where the a;, b; are non-negative integers and ¢ is an integer (positive, negative or zero)
and since F is an integral of the equations (5.1), ¢ must disappear from this series for all
values of the arbitrary v, «;, 8;. Thus the polynomial in ¢ must vanish identically unless

M@, —b)Fve=0, . ... ... ... (5.17)

and must reduce to a constant if this relation is satisfied ; F then becomes a series
ZA b 01 BB, y¢, where A is a numerical* coefficient, and for each term the
indices satisfy (5.17). Putting ¢ =0, y = y’e”, we have .

F = ZA 000 0B 0B (Yeh). . . . . .. (5.18)

‘We now show that M is a series of similar form. From the form of (5.15) we have
oy s e
pr e v T v
so that -
[, tlyy = oY [otg, ¥']gee
Now ¢ occurs as a constant parameter throughout the performance of differentiations
with respect to ¥’ or «, ; moreover, the operation y’ (0/dy’) on any term leaves its degree

in v’ unaltered. Bearing in mind the relation between the functions f;, g, and f';, 9"
we have therefore .

Y Tows Y5 = {v [oas Y]rede=o, y =yt

* J.e., its value depends on the coefficients in F(z, yy), but not on the arbitrary integration-constants
231 Bls 2] 62’ Y- ’
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Now consider the expression in series for y [«y, v]s, ; it has the form

(1/a;) X (series in the arguments m;e“’, Bie™™, ay, By, vE, 1),

and since o, y are arbitrary integration-constants ¢ must disappear identically from
this expression.* Hence as above

Y [al? Y]f’g' = (1/@1) . E B“xbxanbscoclal@lb‘mzasﬁzb’yc’

where B is a numerical coefficient, and the summation is over values of the indices
satisfying (5.17). This gives

[o1, Elsg = o {y [0, Y]pode= 0,y =yt
= (0/01) + T Buyp,appyet1B1 22" Bo" (v'e€™)".
There are similar expressions for [ 8,, ], etc., and from (5.16) M must have the form

M = 62 Cppupe1™Brs™ By (Ye™. . . . .. . . . (5.19)

It is convenient now to re-write the contact transformation (5.15), omitting the accent
from v’ and calling the new variables z, w, instead of «;, 8;. We have the result that
there ts a formal contact transformation

T, = [ (2 U, YE), Y = Gi (2, Uy, vE?) (lc =12), .. .. (520)

m wk@ck the fi, g, are power series in the z,, u,, with coeﬁcwnts whwh are Laurent serves in
ve*, whereby the equations (5.1) become

5 auk i (k=1,2, . ... .. (521)
K being a series '
K=F+M=2 (Ausape T 6Cusape) 22U 2", (ver)e, . . . . (5.22)

wn which, for each term, the indices are integers satisfying

A(ag —b) +ve=0 }
5. ... . (5.23)

aIEO, blzo, (JIZZO, 6220

the transformation involves the arbitrary parameters y,‘c. We observe that these para-
meters appear in K in the manner explicitly shown in (5.22) only ; the A’s and C’s have
numerical values which depend only on the numerical values of the coefficients in the

* WHITTAKER, ‘‘ Analytical Dynamics,” § 146.

VOL. CCXXVII.—A. Y
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154 T. M. CHERRY ON PERIODIC SOLUTIONS OF

original Hamiltonian function F (a, #), and upon the particular generating solution
(5.2). The original periodic solution from which we started is obtained from (5.20) if
we put o = v, 2, = U = 2, = Uy = 0.

Form of the Series for K.—We enquire first as to the leading terms in the series. When
c = v we obtain (5.20) from (5.18) by putting ¢ = 0, except in the argument ye”, and
replacing the oy, B; by 2, u, a change which does not affect (5.11) ; hence we may
obtain the relations connecting the &, «; with the 2, u; by treating the general solution
for the ¢y, o as we treated (5.13). A first approximation to this general solution is
given by solving (5.6). If A # %v, A # 0, the solution is

1= ue, w; = B, Co =y, 0 = By + axyl,
and hence, putting ¢ = 0 and replacing the «;, B; by 2, 4, we have the first approxima-
tion
& =2, W = U, Lo = 2y, Wy = Uy 5

the same first approximation is found also if A = Jv or A = 0. Hence, when ¢ = v the
leading terms in the series K are of the same form as those in the series G, viz., are
quadratic and of the form given by (5.7), (5.9), (5.12) in the various cases.

Now suppose ¢ # v. Then z, = 0, (0, 0, ve™), v = 7: (0, 0, ye) is not a solution
of (5.1),* 80 2, = u; = 2, = u, = 0 i3 not a solution of (5.21), and K must contain terms
linear in the z, u;. The coefficients in K are linear functions of the arbitrary parameter
o ; hence K contains the linear terms

(6 — v) (12, + dyuy + co29 + dousy), . . . . . . . . (524)

where at least one of the constants ¢, d;, ¢,, d; is non-zero.

We now proceed to consider the implications of the relation (5.23).

CasE L: A, v incommensurable.—Here (5.23) requires @, = b,, ¢ = 0; hence z;, u,
occur in K only through the argument z,u,, = v say, and K does not depend upon the
argument ye’.  In (5.24) we must then have ¢, = d;, = 0. We may write K as a power
series in the arguments v, z,, %, (6 — v)—no powers of (¢ — v) higher than the first
occurring, of course—

K = (6 — v) (6225 + dotty) + M — 3022 + ¢35 (0 — v) v + €220 + csusv + ..., (5.25)

and here at least one of ¢,, d, is non-zero.
In the remaining cases A, v are commensurable, say A/v = Ay/vy, Where 2y, vy are

* When substituted in (5.1) this evidently makes the left-hand sides greater than the right in the ratio
o : v since it makes them equal wheno = v. The statement in the text holds then, provided the substitution
in question does not make both sides vanish, which is not so since (5.2) is not an equilibrium solution
of (6.1).
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integers mutually prime. By definition (§ 4) we have (2/v being real) 0 = ro/vy = ,
and thus 0 =< Ay =< 3vy, vo = 2. We shall later have to distinguish the following cases :—

Case II: v > 4
Cas IIl: vo =4, »=1
Case IV: vy =3, 2 =1

. Here (5.23) requires @, — b, = mvy, ¢ = — MMk,
Case V: vp=2, X = 1[

where m is an integer, and the typical term in (5.22) can be written in either of the forms
(A + 60) (zrur)™ (uy"y™e™) "2y ",
(A + 60) (zyuy)™ (2,7 e~ "2, %0, ™,

of which the first is appropriate when m is negative and the second when m is positive.
Hence K can be written as a power series in the six arguments v, w, W', 2;, U,, (¢ — v)—no0
powers above the first of (¢ — v) occurring—where

v = 2y, w = 2" (ye) ™™, w = wu (v, .. ... (5.26) .

these are equivalent to five arguments only since ww’ = v*, but it is generally advan-
tageous to keep the six to avoid the occurrence of negative powers.in K. In all the
Cases II-V, v, w, w’ are at least quadratic in 2,, u,, so in (5.24) we must have ¢, = d, = 0.
We write then
K = (6 — v) (c2s + dauy) + A — $az2 + c5(c — v) 0 + 42,0 + c5uqv
+ cew + cw’ + (6 — v) (e + cow’) + Feio0* + W + 0
- C15W2y + C1aW'Zy A Cr5Wiy + CigW U+ Forgw? + Feygw™
Foopuw F oo s s e e e C e e e e e e (82D

The terms independent of (¢ — v) and quadratic in the z;, %, have been made of the form
(5.7), as has been seen must be the case. If vy =2, Ay =1 (Case V), w and v’ as well as
v are quadratic in the z, g, and (5.12) shows that

03 — %b, 07 = 0. e e e e e e s e e e (5.28)

Case VI: x =0.—Here (5.23) requires that ¢ = 0 and places no restriction on a,, b,.
Hence K is a power series in the z;, u, with coefficients linear in (¢ — v), the quadratic
terms having the form (5.9) when ¢ — v =0:

K = (6 — ) (6121 + dyuy + o2y + douey) + azouy + 3022 + c212, + %dézz + ..., (5.29)

where at least one of ¢,, d;, ¢,, d, is not zero.
Method by which Periodic Solutions are established.—Any solution of (5.21), when
substituted in (5.20), yields a corresponding solution of (5.1). If the former solution

Y 2
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is periodic and of parameter o, 4.e., if the z, w, are Laurent series in e, the latter
solution is manifestly of the same nature ; in particular, to an equilibrium solution for
the 2, u;, corresponds for the a;, 4 such a periodic solution. Similarly to a periodic
solution of parameter o /m (m integral) for the 2, u; corresponds for the 2z, 4 a periodic
solution of the same parameter. The fact that 2, u,, f are only involved in K through
the composite arguments v, w, w’ will enable us to find periodic solutions of (5.21), and
therefore of (5.1), and the fact that in (5.20) o is an arbitrary parameter will enable us to
find continuous families of such solutions of continuously varying parameter.
Suppose

Z =P (€™, e = q (™) . ... .. (5.30)
is a periodic solution of parameter ¢ /m, where m is an integer,* and
X = Pk (eo'tla.'n)’ Qk Ut/m) ...... .o . (5.31)

the corresponding solution of (5.1). We form the variational equations of these solutions
by substituting in (5.21), (5.1), respectively—

2= Pr + 2t wy = Q + u'y

o = Py + 25, Y = Q: + ?/’k-

If we make these substitutions in (5.20) we obtain to the first order the 24, y'x as
homogeneous linear functions of the 2/;, u/s, with periodic coefficients (parameter o /m),
whence from any solution for the 2’;, u'; we can derive the corresponding solution for the
2y, 4’5 If p 1s an exponent of (5.30) there is a solution for the 2’;, u’, of the form

and

2 Uy = € X ‘(périodic function of ¢ of parameter ¢/m),

and the corresponding solution for the 2, ¥, has evidently the same form with the
same value of p. Hence the exponents of (5.31) are the same as the exponents of (5.30),
and we may find not only periodic solutions of (5. 1) but also their exponents by dealing
with the transformed equations (5.21).

For the formal solutions of (5.1) and the formal expressions for their exponents thus
derived to be significant, it is essential that they should be specified by convergent
series. This convergence will be established later (§§ 10, 11).

Real Transformations when F vs a Real Function of the xi, y,—The question of the
reality of the transformation (5.20) becomes now of interest. Suppose that in the
generating solution (5.2) the period T is real, so that the parameter v is pure-imaginary,
and that the z, 4 are real when ¢, ¢ are real; under these conditions |y|=]|e*|=1,
and (5.2) is a real solution.

If a real periodic solution possesses an unreal exponent it must also possess the conjugate
exponent ; since two exponents are always zero and the other two have their sum zero,

* A solution of parameter ¢ is included as a particular case.
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the only possibilities concerning the non-zero exponents + A of the generating solution
are (i) A real, (ii) A pure-imaginary, (iii) A = }v + R, where R is real and non-zero.*
The following results may be proved in the three cases by considering the mode in which
the transformation (5.20) is obtained : the proof is omitted for lack of space.

For a periodic solution to have a real period its parameter ¢ must be pure-imaginary,
and we are interested therefore in solutions for which the z;, y; are real when ¢ is pure-
imaginary and ¢ and its additive arbitrary constant (log v)/o are real (so that |vy| = 1).

When  is real we may always supposet that (5.20) is a real contact transformation,
viz., it gives the 2, y; as real functions of the z,, w; when o, v are pure-imaginary, ¢ s real
and |y| =1. Since A/v is unreal the circumstances are those of Case I, and K is a
series in v, z,, Us, Wc — v) with real coefficients.

When A is pure-imaginary and 0 < | x] < 3 v] we may always suppose that (5.20),
When combined with either

(CasE A) V2% =72y + wy, A/ 2u, =, ... (5.32)
or (CASE B) . ‘\/Qzl == ’d’l + tz’l, '\/2“1 = — z’]_ - Lu’1 e e e e e (5.33)

givés the 2y, y; as real functions of 2';, 'y, 25, u, when o, v are pure-imaginary, ¢ is real and
|vy]| = 1; the subsidiary transformations (5.32), (5.33) are, of course, contact trans-
formations. K is then a real function of 2';, u'y, 25, Uy, (6 — v).

When \ = %v we similarly combine (5.20) with

n=12Z (yel, uy=TU,(ye)t . ... ... (534)
and obtain the ;, y; as real functions of Z,, U,, z,, u,. Moreover,

K=dozu, +L . . . . .. ... ... (535

where L is a real function of Z;, Uy, 2y, 4, t (5 — v).

When % = 0, we may always suppose that (5.20) is a real transformation, and K is a
power series in 2y, uy, 2,, Uy, ¢ (6 — v) with real coefficients.

When » = %v 4+ R (R real), we may always suppose that (5.20), when combined Wlth
(5 34), glves the z;, g, as real functions of Z;, Uj, 2y, 4y, v (6 — v)

§ 6. Pertodic Solutions when \, v are Incommensurable.

In the equations (5.21) we have K = K (v, 2,, 4y, 6 — v), where v = 2,4, and K is an
integral of the equations since it does not involve ¢. Moreover, smce they are derived

* By their original definition the exponents are indeterminate to an arbltrary integral multiple of v, so
an exponent with imaginary part v may be regarded as its own conjugate.

T The process of formation of (5.20) does not determine it uniquely, i.e., there is a family of contact
transformations, any one of which will bring the equations (5.1) to the form (5.21). Only certain trans-
formations of this family will be real.
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by transformation from (5.1), which possess F as an integral, F' is also—when expressed
In terms of the 2, w;—an integral of (5.21). Hence M, = K — F, is also an integral*
of (5.21), and we have identically

GMJK MK , OM 3K _ oM 3K

T 0w B | Oz, 0wy Oy Oz

Now M is that part of K which has s as a factor, viz., from (5.25)

M =0 (CgZz +d2u2 _l— C30 + .n)
= o¢ (2a, Us, V) say ;

and since K, M involve #,, w, through the argument v, = zlul only, the identity just
written reduces to

9¢ 0K _ 3¢ oK _

Taduy U5 ..o (60)

Here K is the series (5.25) and

¢ =02 + dotty +C0 + .ony, ... ... (6.2)
at least one of c,, d, being not zero. Thus (6.1) gives
(€o + o) (v + o)) — (s + o) (—azg v+ ...) =0

whence, from the coefficient of z,,
ad, = 0.

Thus if ¢ # 0 we must have d, = 0, ¢, # 0, while if « = 0 we may always suppose
that ¢, # 0 ; forif ¢, = 0 we have d, # 0, and a contact transformation

2y = U, Uy = — 2y
brings (5.25) to a series of the same form in which the coefficient of 2, 1s not zero.
Suppose then that ¢, # 0. From (6.2) we can express z, as a power series in ¢, us, v,

and hence K may be expressed as a power series in ¢, u,, v, with coefficients linear in
(6 — v) ; the identity (6.1) then implies that u, disappears identically from this series,
i.e., we have

— (6= ) ¢+ w0 — Jadfo? + ...

=K' (¢, 0,6 — v) say.

* That M is an integral may be shown directly as a consequence of the fact that the transformation (5.20)
gives for F and M functions of the 2, w; not nvolving ¢, For

OF (2w 8) _ E<EF ow, , OF 6yk> E<d“>k oy dy 8%)

0="""% o Top o) @ o & A

dt ot dt ot

dz; duk} 5 <BM dzk oM du;\ _ aM

=0+ = {0 Z A = 2(5 T 5 T =T
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We now investigate the equilibrium solutions of (5.21), to which, as we have seen,
correspond periodic solutions of (5. 1) These equilibrium solutions are the sets of values
of the %, w, which satisfy

K _ 9K _ 3K _ 8K _

R A PR TR
v K, 2 9K’ 34\ _ OK'04 _ OK’d
(K’ K'3¢> (3K' .I_{i._i‘i)_..__.'_._ oK'9¢
( T w) T\ % T w) T e
oK’ 3 y a i \
Her. = = + ...and 5 =0 +- ..., and neither vanishes in the neighbourhood of
2

the origin ¢ — v =2, = u, =2, = u, = 0. Hence equilibrium solutions in this neigh-
bourhood are given by
oK'

T.€us o \
z1=u1:v=0, (0' ""‘_V)""'a-(ﬁ/022+a-¢=0o P A (6-3)

For any value of ¢ this determines a unique value of (¢ — v), vanishing with ¢, such that
2, ==ty = O together with any values of z,, u, satisfying (6.2) constitute an equilibrium
solution for (5.21).

We now show that all such equilibrium solutions which belong to the same value of é
lead through (5.20) to equivalent periodic solutions for the =, #;, i.e., to solutions of
which any one may be derived from any other by adding a constant to t. Let z,, u,
undergo increments dz,, du, such that ¢ remains constant ; the corresponding increment
in z, is, since ¢ remains constant, :

__ Omy L
- 622 dz2 + du2’

Oy

where

a¢dZ2+ (ﬁdua—oi
ey ,

R [22, t] dzg - [, £] duy = 0,
since
—————[k,t], aM [ f, M=od . .. ... (64)
Uy,
Thus since [z, t] = o %—Z—S- =0cey + ... , which does not vanish in the neighbourhood of
the origin, ) | » |
du, fox, 8.1:1 } v \

=il { o 1] =52 L 1 f o (6.5)

Moreover, for the equilibrium solutions under consideration z, = u, = 0, so.

0 .
[21’3 tl..._ G 5—2 = Gu! g—'é — O [ul’f t] = Gzl g(ﬁ - 03,


http://rsta.royalsocietypublishing.org/

N

a
A
1~
A B

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

N
I~
b \

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

160 T. M. CHERRY ON PERIODIC SOLUTIONS OF.

and (6.5) may be written

_ du, ?_@_1_ ; _% _a_x_l_ . *axl }
dw]_ - [22, t] {aul [Z]_) t] [ulﬁ t] _,— [zz, t] é—z—; [u29 t] s

2 [Om, 2 '
[qu t]{ z ( b Y1) — (xp %) + =2 ax (xla Ys) — a"a?'/f (1, -’52)}

on re-arrangement, where (2, %), etc., are Poisson brackets.* Hence, using the condi-

tions that (5.20) is a contact transformation in the form involving Poisson brackets,}

we have
' p axl du2
o [22, ]’

= a_@% — ?ﬂc dusy _
doe = [22, £] - W = % [22, 1] (k=1,2).

and simila,rly

The supposed alterations in z,, u, have thus the same effeot on the z, ¥, as an alteration
in ¢ of the amount d¢ = du, [[2,, {]. By integration, finite alterations in z,, u, such that ¢

remains constant are equivalent to the addltlon of a constant to ¢; if u, alters from
u’y to u”, the equivalent change in ¢ is j‘ du,y [[25, ¢], the integrand being expressed

as a function of u,, ¢ by means of (6.2). Thus for the purpose of finding pemodw solutions
of (5.1) we lose mo gemerality by seeking only equilibrium solutions of (5.21) for which u, = 0,
with, of course, z, = u; = 0, and the eqmlzbmum value of 2, will be determined in terms of

(6 — v) by the relation <8K>
8z2 V=14y=0

o6 —v)—az,+...=0. . . . . .. ..., (6.6)

=0, .e.,

Explicitly the periodic solutions thus found are

@ = f,(0,0,2,0,ve"), “y=0g(0,0,2,0,veD), . . . . .. (6.7)
‘where o, 2, are constants of which one is arbitrary, and y is an arbitrary constant whose
logarithm occurs additively with ¢, There is thus a continuous family of such periodic
solutions in the neighbourhood of the generating solution (5.2), the family-parameter]
being 2, ; the parameter o varies continuously over this family, taking the value v for
the generating solution, which corresponds to z, = 0. If @ 3 0, which is in general the
case, we may solve (6.6) for z, as a power series in (¢ — v), and:in‘(6.7), which are Laurent
series in ye™, the coefficients are power series in (c — v) ; the family-parameter is then o.
If, however, a = 0, z, is obtained as a power series in a fractional power of (c — v)—in

Ty, Y1 Ly,
* (2, th) = 3 Ezb Z1; - g((zz, ZZ; , ete.

T WHITTAKER, “ Analytical Dynamics,” § 131.
I Le., any quantity, a kiiowledge of whose value suffices to specify a particular member of the family.
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general of (6 — v)*—and the coefficients in question are power series of this nature* ;
this case occurs when, as we move along the family, ¢ is stationary in value at the
generating solution. It is now inappropriate to regard ¢ as the family-parameter, since
by so doing we should give the family a false appearance of multiplicity.

It may be observed that there is a certain indeterminateness in the analytical expression
for the family, owing to the arbitrariness of y. Taking, for instance, the general case
in which @ # 0, we may replace vy by yP where P is any power series in (¢ — v), and
will thus have the family represented by Laurent series in ye™, in which the coefficients
are not the same power series in (¢ — v) as before. We shall later (§ 10) prove that of
the different possible sets of series which represent the family, one definite set is
convergent when | — v| is sufficiently small, and, of course, any representation of
the family which may be derived from this particular one by a convergent transformation
of the sort just stated will also be convergent.

The Ezxponents of the Solution (6.7).—We form the Varla’monal equatmns of the
equilibrium solutlon

Zl == ul - Ok, Z2 == 220, uz = O D I T S (6-8)

by substltutmg in (5. 21) s = 23° 4 ¢, and expanding to the first order in 2, Uy, oy Us.

This gives
£ (), ()
@\l @ @l

§o () Fme ()
dt =L 02, Olly o+u2 Qus/o’ dt e 022 /o Ya 0%y Oy /o’ (6-9)

where in the derivatives of K we are to substitute the equilibrium values (6.8). In
virtue of the equilibrium condition (0K'/2¢), = 0 we have
() (B2, (5o
0d2 /o \0zy /0 \Ou,

(@ra)e = (Go) (G, + (59), (82), G). =
%%3 - <§§9%->0 <g—5_2>0 {Cz <322> ( > }

and so on, and the 1ast pair of equations reduce to
&= (%) @ () G
a 597 )o \ 5z, 5t T2 \Fg o)

e

having the solution

o @

e - 2 (38252) (ai,) (ai) b — B ¢>o’

As a very special case (6.6) may ha,ve every term factored by (6 — v), s0 that in (6.7) we must put s = v,
2y remaining arbitrary.

VOL. CCXXVII.—A. Z
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where «y, ¢, are arbitrary constants. Writing

w=(2)
ov 0 ’

the first pair of equations have the solution

7 = a @, uy = B,
where «,, 8, are arbitrary constants. The form of this solution shows that the exponents
of (6.8) are 0, 0, - m, and in accordance with § 5, p. 156, above, the exponents of the
solution (6.7) have these same values. From (5.25) we have

m = A+ c3(6 — V) + ¢z + ...,

and m varies continuously along the family, taking the value A at the generating solution
specified by ¢ — v = 2, = 0 ; m i3 expressible as a power series in (¢ — v) or a fractional
power of (¢ — v), according as @ # 0 or @ = 0 ; this series will later (§11) be proved
convergent when |c — v| is sufficiently small.

Reality of the Periodic Solutions (6.7).—Suppose the generating solution is real and of
real period. The conditions z, = u, = 0 with (5.32), (5.33) or (5.34) lead to 2"; = u'; = 0
or Z, = U, = 0, respectively. In the condition (0K/02,),_,, ., =0 the left-hand side
is then a power series in z,, « (¢ — v) with real coefficients, and gives ¢ (¢ — v) as a real
function of z,. Thus if 2,, ¢ are real and |y| = 1, the conditions stated at the end of § 5
for the reality of the w;, y, are satisfied whether A be real, pure-imaginary or complex.
Hence, those solutions of the family for which the arbitrary z, is real and for which the
arbitrary v has modulus 1 have a real period, and are real when ¢ is real.

When 2 is real, (9K /dv), is a series in z,, . (6 — v) with real coefficients, becoming a
real function of z, when we substitute for (¢ — v) from (6.6); hence the non-zero
exponents of real solutions of the family are real in the neighbourhood of the generating
solution.

When A 1s pure-imaginary we have in Case A from (5.32)

V= 21U = %L (72 + '),

so (0K /dv), is pure-imaginary when z,, + (¢ — v) are real ; hence, for a real solution of
the family the non-zero exponents are pure-imaginary in the neighbourhood of the

generating solution. Case B is similar.
When A = v -+ R (R real and non-zero) we have from (5.34), (5.35) that v is real and

()1 (),

and the second term is a series in z,, (¢ — v) with real coefficients ; hence for a real
solution of the family the non-zero exponents are complex.


http://rsta.royalsocietypublishing.org/

JA '\

/ y

A

a
{ )\
L 2

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

yA \
V. \
AL A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

HAMILTONIAN SYSTEMS OF DIFFERENTIAL EQUATIONS. 163

Thus in all cases the exponents of real solutions of the family are of the same nature as those
of the generating solution.

§ 7. Pervodic Solutions when A, v are Commensurable, and 1 # 0.

In the equations (5.21) K is now a power series in the arguments v, w, w’, z,, %, defined
by (5.26), with coefficients linear in (¢ — v) ; it involves ¢ explicitly through the arguments

w, w'. It is convenient to transform the equations again so as to obtain a system whose
Hamiltonian function does not involve ¢. The required transformation is

Zl : Z]. (Yeﬂ't))\oll'o’ ’Ml =S U]. (‘Yeat)_)“’/"", Z2 == Zz, ?/62 - Ug, o e e e (7‘1)

which is evidently a contact transformation ; the new Hamiltonian function is K -+ M’,
where ‘

Q_M_,__ —_ G)‘OUl Q_IV_I:__ ____G)\ozl ’ /__0'7\0Z1U]_
aZI - [Zl) t] - Vo > aUl - [UI} t] - T 1 M = Vo .
We write
L=K+MW ==Kl _ g okt
and have the equations
dZ, oL au, oL

— = =t = kE=1,2), .. . ... 2
Frit A7 7, ) (7.2)

in which L is a power series in v, w, ', 25, U,, (6 — v) with
v=7,U;, w=z" ()" = 2,", w="U> . ... (7.3)

For convenience of reference we write here the transformation from the z;, g, to the
Z, Uy

B =f B (Zyyrelmerdin, Upy=hlrog=ordlo Zo Uy, ve®), . o oo . o (74)
' Yo G
and we have L = F + N where N is defined by the consistent equations
oN oN __
é--—ka[Z,L.,zt], é_U—;“[U"’t]" B )|

Inserting the series (5.27) in the relation L = K — o24v/v, we have

L = (6 — v) (€2Zy + dyUy + €30 + cow + couw’ 4 ...)
— $0Zg? - 0 Zgv + csUsv + cow + caw’ - Fo100? + ey vw
+ C1a0w’ - 015wy + 014w Ly + 615wU, + 10Uy .
+ e u? + Fegw® - cppuw’ ooy, L L e oo (7.6)

where ¢’ = ¢3 — Ao/vo.* This is not a general power series in v, w, W', Zs, U,, since

* The term Av of K combines with the added term — Aov/v, to give — Aw (G — ¥)/v,.
z 2
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certain of the early terms have zero coefficients ; also, as we shall see, the coefficients ¢
are connected by certain relations.

The equations (7.2) possess the integral I, and also the integral F, since they are a
transformation of (5.1) ; hence N, = I, — F, is also an integral, and N is the part of L
factored by o :

N =6 (c3Zy + dyUy €30 + cgw +cow” +..0). . . . . . . (1.7)

If now in the identity

y, _OoN oL oN oL [ oN oL oN oL _
(N,L):é—z—lm—a—m-a—z—’r—a—z-;m—mé-z—z: ..... (7.8)
we substitute the series (7.6), (7.7) we obtain a power series which must vanish identi-
cally ; its coefficients are quadratic polynomials in the coefficients of the series (7.6),
and their vanishing gives relations between these coefficients. The only such relation we
shall require explicitly is d,@ = 0, which results from the vanishing of the coefficient of
Z,. It shows that if ¢ ¢ 0 we must have d, = 0, and therefore ¢, # 0, while if ¢ = 0
we may show as in § 6 that ¢, may always be supposed non-zero. We suppose, then,
with no loss of generality, that ¢, 0.
(i) Existence of Periodic Solutions.—We shall be concerned with equilibrium solutions of
(7.2). To such a solution corresponds by (7.4) a periodic solution for the x;, g, in
general of parameter ¢ /v, ; if, however, the equilibrium solution is of the form

Z1 = U1 =0, Zz == Zzoa Uz = Uzo’

the corresponding periodic solution has the parameter ¢. The equilibrium solutions of
(7.2) are those sets of values of the Z;, U, which satisfy the conditions

Now 0N/0Zy = o6, -+ ... which does not vanish in the neighbourhood of the origin
Zy =U, =2, =U; =06 —v=0.

Hence the identity (7.8) shows that 0L/oU, = 0 when the other three of conditions (7.9)
are satisfied, and we may replace (7.9) by the three conditions

Z, U, 02y

Suppose these conditions solved for Z;, U,, Z, as functions of (¢ — v), U, ; on substitu-
tion in (7.4) we obtain a solution for the w;, y, depending on the three arbitrary constants
o, v, Up. Of these the logarithm of y occurs additively with ¢ ; we shall show also that
an alteration in U, is equivalent to the addition of a constant to ¢.
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1f U, undergoes an increment dU, while s remains unaltered, the corresponding
increments of Z,, U, Z, are obtained by writing the conditions that the left-hand sides
of the conditions (7.9) remain zero, viz. :—

oL L oL oL e
7,02t 5zo0, " Tz g, e T 700, Ve =0 L

. - - . (k=1,2). . (7.11)
0oz T 550 Ot o e T au e AU =0 |

But from the identity (7.8) we prove by differentiation with respect to Z, or U, that when
(7.9) are satisfied

oL (oL _ .
(% ~) = (5 }\r) (k=1,2);
hence the solution of (7.11) is
aU1 - dU/ aU2 — /
The increment in #; corresponding -to these increments in the Z;, U, is
d.’Bl == Zk (azk dZ]c + aUL dUk)

- a_wl.@._l\l_%aN> oN
2"<azk dU, 90U, dZ, dU2 0Zy

since g—g— does not vanish in the neighbourhood of the origin ; 4.e., from (7.5)
2

_ dU, om,
[Z,, t] ot°

de, =

on re-arrangement as in § 6, p. 160 above. Similarly,

w=miw YT, af, (k=1,2),

which show that an increment dU, in U,, ¢ remaining unaltered, is equivalent to the
addition to ¢ of the constant dU,/[Z,, {]. By integration a finite increment in U, is
equivalent to the addition to ¢ of the constant de 2/[Zs, t], the integrand being expressed

as a function of (¢ — v), U, by means of (7.10). We regard as equivalent two solutions,
of which one differs from the other only by the addition of a constant to ¢ ; for the purpose


http://rsta.royalsocietypublishing.org/

A\

/ y

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

1~

AL A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

166 T. M. CHERRY ON PERIODIC SOLUTIONS OF.

of finding periodic solutions for the m;, y, we therefore lose no generality by seeking
only those equilibrium solutions for the Z,, U, in which U, = 0.

To take account of the restricted form in which L involves the arguments Z,, U; we
regard L as a power series in v, w, w’, Z,, Uy, (6 — v). The first three arguments are by
(7.3) connected by the relation

, ww — =20, . . . . . ... ... (7.12)

but if we eliminate one of them from L we introduce negative or fractional powers of the
others. We therefore write the conditions (7.10) in the form

—[j 8L vo—1 aL aL [ vo—1 aL J— ‘
135 T Vol ow Zy o T gy =0 (7.13)
oL -
T (7.14)

where it is understood that in the derivatives of L we are to put U, = 0.
The first two of these are satisfied by

Z1=U1=0

since vy = 2. If neither Z; nor U, is zero they are equivalent to

oL oL _ , oLu o1 Ol __
Eri 0, W + vov S 0. ... .. (7.15)
oL oL . .
If U, = 0, Z, # 0 we must have El 0, and these three conditions, together with
% = 0, will in general have no solution for Z,, U, Z, when o remains arbitrary. There
2

are thus in general only two sorts of equilibrium solutions :

(1) A solution
Z]_ == U1 = Uz = 0, Zz - Z20 ........ PR (7.16)

in which Z,°, o are connected by the relation

oL B
<m>z‘3m=m=0’ O (7.17)

(ii) A solution in which U, = 0 and v, w, w/, Z,, o are connected by the relations (7.12)
(7.14) and (7.15), Z, and U, being then given by

Z," = w, U=, Z,U =v». . .. ... (7.18)

First consider the solution (7.16). Inserting the series (7.6) for L, the condition (7.17)

has the form
Og(C_V)—'aZ2+..-=O,
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and since ¢, # 0 we may solve for (s — v) as power series in Z,. Inserting this in (7.4)
we have for the z;, ;, a continuous family of periodic solutions

@ _Jo 0,0, Z, 0, ve™), v o e (7.19)

Y I
the family-parameter being the arbitrary Z,. The parameter ¢ of a solution varies
continuously as we pass along the family. The generating solution (5.2) belongs to the
family, being given by Z, = ¢ — v = 0. If a # 0 we may solve (7.17) for Z, as-a power
series in (s — v), but if @ = 0, Z, becomes a power series in a fractional power of (¢ — v) ;
in the latter case o is stationary in value at the generating solution. Thus in general the
coefficients in the Laurent series (7.19) are expressible as power series in.(¢ — v). The
family of periodic solutions thus found is analogous to the family found in §6, and will
be called Family I.

Now consider solutions in which Z;, U, do not vanish. It is easily seen that to any
definite set of values of v, w, w’, Zy, (6 — v) satisfying (7.12), (7.14) and (7.15) corresponds
essentially only one periodic solution for the x;, 4, in spite of the multiple-valuedness of
Z;, U, as given by (7.18). For since we must have Z, U; = v the most general solution
of (7.18) is

7, = wihn g2mnln, U, = vw ™l g=2mnln,
where a definite determination is taken for w'* and » is any integer, and the corre-
sponding solution for the x;, y; is

Ly, —_ “];k {wllvo 621rm/|/0 (Yect)/\o/m, ,Uw——l/vo 6—211'47&/1/0 (Yeat)—r\o/vu’ Z2’ 0, Yeu‘t}. B (7.20)

Since 2y, vo are relatively prime we can, given any two integers ', »”, find integers p, ¢
such that n” — n” = pX, + gv,, and the solution (7.20) with n = »’ is changed into that
with # = " if we replace ¢ by ¢ — 2rp./o. :

We proceed then to consider the solution of the conditions (7.12), (7.14), (7.15) with
the knowledge that to any solution in which w, w’ do not vanish corresponds essentially
one periodic solution for the a;, ¥, of parameter o/v,. We assume that in general®
s # 0, ¢; # 0 (except for v, = 2, when by (5.28) we always have ¢, = 0, and in general
cs # 0), and shall treat only this case in detail. Then from (7.12) and the first of (7.15)
we have '

w8 i(@@ﬁ)

— T w ——
ow ow ow ow'/ ’
substituting for #" in the second of (7.15) and cancelling a factor v*° this becomes
oL P ( oL oL >*
Pt 1021’0— — e = (.
0 TV ow dw’ 0
* In § 8 below an actual case is worked through in which this is so ; for the complete justification of the

assumption, see § 13, p. 214, below. The circumstances are similar for other constants which we shall
.assume later to be in general non-zero.
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Substitute here and in (7.14) the series (7.6) for L, putting U, = 0 and writing v = r, we
obtain
w(cg - ...) F " (ceCq + ...)) =0
w (e 4 ) F r(cees + ...)) =0
€3 (6 — V) - €4y + €107 + C1 - Cat’ - ot £ v X (cgly .. ) =0
s (6 — V) — aZiy + €472 + 3w + e’ ... = 0
Under the hypothesis c4c, # 0 the left-hand sides become power series in (¢ — v),
r, w, w', Zy on expanding the square roots.
Case IT*: v, > 4.—The equations (7.21) are soluble for w, w’, Z,, (c — v) as power
series in 7 provided

|
lr. (7.21)
|

ac's F e 0, . . . . . ... .. (122

which we assume to be true in general.f Corresponding to the ambiguity of sign in
(7.21) we have therefore two continuous families of equilibrium solutions for v, w, w’, Z,,
and hence two families of periodic solutions for the x;, y;, the family-parameter being
r—Families II, III, say. The two families have in common the solution for which
r=w=w =12%Z,=0 —v=0, viz,, the generating solution, which belongs also to
Family I. The parameter of a solution for which , w, w are not zero is /v, so in the
neighbourhood of the generating solution the period for Families II, III is approximately
v, times as great as for Family I. 'We regard Families II, III as branching from Family I
at the generating solution ; they are evidently analogous to PoiNcARE’s “ solutions du
deuxiéme genre.”’} _
We may solve (7.21) for w, w', r, Z, in powers of (¢ — v)* provided

4 + a0y # 0,

which we assume to be true in general. The leading terms in the solution are

__ 3G9 — €304 _ acs’ + 0204>% 3 )
= 20 U8 (g T i T — V)
Z2 042 _l_ aclo (6 V) + < 042 _I_ acl() . (6 V) +
— 91 : '__ acls —’— 0204>%V0 A 7 \ 7.99
w i<06> < ~——————-—c42+a010 (6 —v) 4 ..., . (7.22)
, c\? ac’y + c,c,\
W = _-};<—§> <—-—%—A> 5 — vy ...
Cr e + acyo ( ) J

Hence from (7.18) the solution for Z,, U, is for each family of the form

Z, = (o6 — V)P, U, = (c — v)}Q,
where P, Q are power series in (c — v).. Thus in the Laurent series in e’ which
specify the solution for the a;, y, the coefficients are in general power series in (¢ — v)%.

* Case I is that in which A, v are incommensurable (§ 6).
1 See footnote on p. 167.
I “ Méth. Nouv.,” Chap. XXVIII,
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Case III: v, = 4.—The results are the same as for Case II, except as regards the
solution (7.22), where ¢;, must be replaced by ¢, * 4 (¢e¢;)*.

Case IV : vy = 3.—If we write 4 7 = ¢’ the ambiguity of sign disappears from (7.21),
and since ¢,cec; # O these are soluble for w, ', 7’, (c — v) as power series in Z,. Hence,
there is, in addition to Family I, one family of periodic solutions, the generating solution
being, as before, common to the two families. For the second family the period is
approximately three times as great as for the first family in this neighbourhood.

If @ # 0 we may solve (7.21) for w, w’, Zy, 1’ as power series in (¢ — v)

' (0 s 1 G0 /at) (6 — “) ' — _
= 3 (0(307)%r © 2, = _d% ° V) + o (7.23)
—(atanfPe—vr . —Eteajipe=y, [T
27cgc, Lo 27cq07?

but if & = 0 the solution is in fractional powers of (¢ — v). From (7.18) we then have in
general .
Zy=(@c—vP  U=(@E—vQ
where P, Q are power series in (s — v). Thusin this case, in the Laurent series specifying
the solution for the ;, ¥, the coefficients are in general power series in (¢ — v).
Case V: v, =2—We now always have ¢; =0, and in general ¢; # 0, and the

treatment of the conditions (7.12), (7.14), (7.15) is a little different. Supposing ¢z # 0,
so that oL/ow does not vanish in the neighbourhood of the origin, (7.15) give

, oL /oL , oL aL .
s[5 —J e (7.24)

the right-hand sides bemg expansible as power series in v, w, w'y Zy (c —v). The
condition (7.12) becomes on substitution of these values

aLOL - (oL\*| _
w{46w8w <§5>J~O’

We reject the solution w’ = 0 which leads to v = w =0, and so to Family I as before,

and have then :
| 4%25, (gf;) S0 e e J(125)
The leading terms in (7.24), (7.25), (7.14) are |
w—w {6 (6 — v) + €150 + 013 + C1gW" + W + o0e } /e "-= 0
v+ w{c's (6 — V) + cZy + 10 + cpyw + ey’ 4 .00 /20 =

4(Cs + ++-) {6 (6 — v) + €129 + €uZis + C1gW" + Crw +- .00} k r’
— {3 (6 — v) + €y + 619V €W + cypw’ + o JP =
s (6 — v) — aZy + 60 + c1aw + e’ + ... =0 |
VOL. COXXVIL—A. 2 A
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and if ¢;,® + ac;g # 0 we may solve for v, w, w’, Z, in powers of (s — v) :

C1a® + a0q C1a® + a0

/AT S VN U N - Ve o+ VN SR T
‘ | | ' . (7:26)
v = (constant) X (¢ — v)2+ ..., w = (constant) X (c — v)® +
From (7.18) we then have
Z, = (6 — V2P, U, = (¢ — v)12Q,

where P, Q are power series in (¢ — v).

We thus obtain, in addition to Family I, one family of periodjc solutions for the Yis
which are Laurent series in ¢! with coefficients in general power series in (¢ — v)*.
As before, this second family branches from the first family at the generating solution.

Other Cases.—In the preceding investigation we have supposed that ¢, ¢;, a¢’s - CoCy, . . -
do not vanish. Should any of these constants vanish the solution of the conditions (7.10)
may be of higher multiplicity, but evidently cannot be of lower multiplicity ; exceptional
cases con never gwe fewer famalies of pertodic solutions than we have found. Take, for
example, the very special case in which K does not involve either of the arguments

w’; the conditions (7.10) are then

oL oL _ oL

Ligy=Uigg=sg-=0
so that either ’
. .___aL__ oL _ oL __
Zl——U]_——a——O or é-’l;— Z -—0

where, as before, we may put U, =0. The former conditions lead to Family I as
before. In general the latter give Z, and v as power series (¢ — v), so in (7.4) only
Z,, U, and the product Z,U,; are determined. We obtain thus a doubly-infinite family
of periodic solutions, instead of two singly-infinite families, branching from Family I.
In §2 we have seen that this is in general the case When the equatlons (5 1) form a

“ soluble ” system. '

(ii) The Exponents of the Periodic Solutions.—We have seen (§5, p. 156) tha.t the
exponents of a solution for the z;, 4, are the same as those of the corresponding solution
for the 2;, u;,. Moreover, since the Z,, U, are linear functions of the z;, «; with coefficients
which are periodic functions of ¢ of parameter o/v,, the exponents of asolution of
Famaly I1 or I11 will be the same as those of the corresponding solution for the Z;, U,.
We use, therefore, for Family I the co-ordinates z, u;, for Families IT, III the co-ordinates
Z, U,. '

Family 1.—A solution of this family is of the form

Zl - ul = uz == 0, ) '\22 == 220. S e e e e e e e (7.27)
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To find its exponents we form the variational equations by substituting in (5.21)
2y = 2,° + ¢, and expanding to the ﬁrst order in 2,, 4, §2, Us. We have

0 ) - )
%_—‘5}2 18K‘|'V'“V°1(Yeot))‘°i{'
dul___%_.__ _a_IS-__ y wp—1 ol aK
@ T e A (ye) ™ ow’

and to the first order

R G R R €= R
% = 2 \Guaa) T G ) T 5 )y T au;’)o

e = (), — s () — 1 (559), — = ()
dt 1 \02,02, /o 1 \02,0u, /o 2\ 0222 /0 2\ 92,0u,/0’

where in the derivatives of K we must put 2 = Uy = Uy =0, 2, = 2,°. Thus

2K g1 K o |
(Eiuzazl) {1 suge T VA Bugae 1¢)

= ( gince vy = 2,

’
0

and so on, so the second pair of equations have the same form as (6.9) and have a similar
solution. This gives that part of the solution of the variational equations which belongs
to the two zero exponents of the generating solution (7.27). If vy > 2, 4.e., in Cases II,
ITI, IV, the first pair of equations are to the first order

dz, __ du, _ @_I§>
-2 = mz, —Jtl—-—mul, m-(av )

having the solution 2z, = a,e™, u, = B,e™™; hence the non-zero exponents of the
solution (7.27) are + m. But if v, = 2 the first pair are to the first order

dzl ot <8K> d_ﬂ1 —_ oty -1 <8K> -
dt mzl + 276 aw/ ul’ dt - mul (Ye ) aw ~1

having the solution .
— K (n+30) ¢ <8K> ("IH'%G‘N
m=ar 2y () & By 2y (5 ) @

w o=, (Jo + p — m)e* I + B, (36 — p — m) &7 ¥,

where «,, B, are arbitrary constants and -

= it -4 (SE5)

K
ow
Here
oK _ oL oK _ oL " — {a_a %le =<3_L>;

ow ow’ ow ow’
2 A2
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hence for the solution (7.24) the non-zero exponents are now

e[t +{(G) - Gml |
Inserting the series (7.6) we obtain as far as the leading terms
b= b (s (0 — %) o o — (s (0 — ) + e + -
w= =+ [$o 4 {— 405 (o0 + €14C5) ZsJcs + . . }], (7.28)

on inserting the value of (¢ — v) in terms of Z, appropriate to the solution (7.27).
Famalies 11, 111.—To a solution of either of these families corresponds an equilibrium

or

...........

solution for the Z,;,U,, say Z; = Z,°, U, = U,. We form its variational equations by
substituting in (7.2)

Zy =710 + &, U, = U0 + oy
and expanding to the first order in the ¢;, w,, giving

dg 0L, 2L, 2L, L )
4~ Uiz am T TamE T %5z, a0, T @ 5T, T,
do, _ _, _@L &L __ ., &L __ 2L
& oz 13U, 0Z, *0Z, 0Z, < *3U, 0% F
dty 2L 2L, &L oL [’
& 70, T “130.a0, T 3z, 00, | ¢t U,
dog _ _, L _ - @L__ . @@L _ 2L
dt ‘3L, 0Z, U, 0Z, * 0L 2 U, oZ, |

where in the derivatives of L we substitute for the Z,, U, their equilibrium values.
These are a set of linear equations with constant coefficients, and the characteristic
equation is ' :

1~

AL A
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2L oL 2L, oL
3z, 00U, " o0z 9Z, U, ’ 90, U,

2L, oL oL oL
9z 07,00, " % 37, 0%’ .90, o7,

oL oL, 2L oL

37, 0U,° U, 00U, 92,00, ™ o0
oL oL, oL, PL

97, 0Z,° 00, 0Z,’ olE ' 00, 0Z, ' "
Now from (7.8) we have identically
oL _ <§£21§T__ ?_I;Q_I‘L+§Tiﬂ\7_> N
30, = \3%Z, 30, U, 0Z, | 92, 90,/ 32y’

where ON/0Z, does not vanish in the neighbourhood of the origin. Hence, smce the first
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derivatives of L all vanish at the equﬂibrium solution, we have at the equilibrium
solution

L <82L N _ oL oN | oL 8N> oN
02,00, \8Z2 90, 92,00, 02, ' 0Zy 0%, U, oZy’
with similar expressions for
2L o2L 2L -
oU,0U,"  0Z,0U,"  oUg?’
Inserting these values in (7.29) it is found that two of the roots . are zero and the other
two are given by

/8N> L 2L 2L N
\5Z; oz’ 3L oUy 9L oly ol

oL oL L N
37,00, 0Ug > 90,0Z, o0,

oL 2L L oN
37, 0%, 90,0Z, L2 ° o,

N N N
oL, ° oU, *  0Z,
These four roots are the exponents of the solutlon under consideration. By means of
the relations

2 w0 8) 0 g (3 )
VAR Ul(av+ v ow/)’ 8U1»—Z1 8'0—*—7507 ’

, O

o2 Qvqw 02 v@u? 0% | ve-— v, 0 >

0Z2 = U (8@2+ v avaw+ v ow 2w Vaw)
2 _@_ 02 viww' 02

700, " T Vg 0 g Vo g, v Swow’

2 2vow’ 02 vew'? 02 | v2—v, , 0
Uz Z2<802+ v 8@8w'+ 02 8w'2+ ; 02 tw 5_@}7)’
we may express p? in terms of derivatives with respect to v, w, w’, Z, ; then, substituting
the values of v, w, w’, Z,, U, in terms of (s — v) which are appropriate to the particular
solution, we obtain p? in terms of (¢ — v)—in general as a power series in (6 — v)i.. The
results are, as far as the leading term of the series :
Case IT: vy, > 4.

2v4® (a¢’s® + 205¢'56 — €5%¢10) (Cer)’* < - ac’s + 0204>§V°
Y ¢4 + acyo
the upper and lower signs refer to Families IT, ITI, respectively.
Case IIT: v, = 4.—We obtain the leading term in the series for p? if in (7.31) we

replace ¢;, by ¢;o + 4 (csc;)?; as before, the upper and lower signs refer to Families II,
ITI, respectively.

w==

(6— v ...; . . (7.31)
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174 ‘T. M. CHERRY ON PERIODIC SOLUTIONS OF
Casg IV: vy, =3. -
pr = —3(c's +catsfa)P(c—v2+.... . . .. ... (182
Case V: vy =2, _ , - :
" __ 864 (0?1 — acg — 2050y013) (a0 + Co014) (o. —) _‘,{»_. o (7.33)

Ca? (C1a® + 0Cy8)

(iii) Reality of the Periodic Solutzons.——Suppose now that F is a real function of the
@, %, and that the generating solution (5.2) is real and of real period, so that v is pure-
imaginary ; then A, being commensurable with v, is also pure-lmagmary We consider
throughout only those solutions for which o is pure-imaginary, ¢ is real and |y | = 1.

Casgs II, III, IV: A # v.—The %, y, are real functions of the coordinates 2’;, %'y,
%a, Uy given by (5.32) or (5.33). Writing f for the function conjugate to f we have from
these relations z;, = F w,,* and hence from (7.1) Z, = F.U,. Thus

w= T = (F Uy = (F9) ),

so that s, =w -+ (Fv)*w' and ¢, = Lw~n( F 1)~ w', are real functions of z’, u,’

2oy Us. Also v = zu, = + h(#2 + ), = +14, say. We may change from the

arguments v, w, w’ to ¢, s, " which are real with 2;, ’;, and L must become a power
series in ¢, 8, §', Zy, Uy, 1 (6 — v) with real coefficients, say,

L, w,w'; Zy, Uy, 6 — v) = HA(q, s, 8’y Zy, Uy, 16 — wv).

For Family I, g = s = ¢’ = U, = 0 while Z,, : (¢ — v) are connected by the relation

ﬁl‘ .

0Z, ,

the left-hand side is a power series in Z,; ¢ (s — v) with real coefficients, and always yields

. (6 — v) as a real power series in Z,. Hence those solutions of the family for which

Z,, t are real and |y| = 1.'-’éJre real, and have their periods 2r./c real. The non-zero

exponents of such a solution are '

oK 8H> »
(&) ==
and are thus pure-imaginary. —

_ Now consider Families II, III, Whlch are obtamed by solving (7.12), (7.14), (7.15).
When expressed i in terms of g, s, ¢’ instead of v, w, w’ these conditions are equivalent to

=0;

im0
GH oH
N _5:9— - S5 83 . Ov
I
+ 2 qu—l aaH 0
aZz o =0 J.

* Here and below the upper sign refers to Case A, the lower to Case B,
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the left-hand sides being power series in ¢, s, §', Zy, U,, t{c — v) with real coefficients
(where we put U, =0). Corresponding to the two solutions previously found for
w, w', Zy, (6 — v) in powers of v, we obtain two solutions for s, &, Zs, ¢ (6 — v). In powers
of ¢*, and these are easily seen to be real when ¢ is positive. Moreover, to a real solution
for s, s’ corresponds a real solution for ';, w';, for when s, s’ are real we have
w=(F ) w,
and so .
W = (F o) w' M,

7€ = TF e,
z——i V&Z, = zll - t?’01,3
so that 2y, u’; are real. Hence those solutions of Families IT, III for Whlch g is posmve,
¢ is real and |y| =1 are real, and have real periods. -

Considering now the exponents of solutions of Families IT, ITI, the expressmn (7.30)
for p? is symmetrical with respect to Z;, U;, and dimensionally is of degree — 4 in them.
Hence since '

Z,=F.U, U, =%FZ,

we have u? = p2, .., p? is a real function of 2y, w'y, Zs, U, t(c —v). Its sign when
|6 — v| is small can be inferred from that of the leading term in the series for p2 as
already given in (7.31), (7.32). Thus—
- when v, > 4, p? is positive for Family II and negative for Family III, or vice versa ;
when vy = 4, y* may be positive for both families, negative for both, or posmve for
one and negative for the other, according to the values of ¢, ¢, ... ;
when v, = 3, p? is positive, for in (7.32) (¢ — v) is pure-imaginary and ¢’y + c,¢y/a
is real* Of course the non-zero exponents + p of a solution are real when u2 is
positive and pure—ima,gina;ry when p? is negative.
Case V: »=4v.—From (5.34) we see that when o, v are pure-imaginary, ¢ real
and |y| =1, the #;, ¥, are real functions of Z;, U,, Z,, U, ; hence L Is a power series
inv, w, w', Zy, Uy, « (6 — v) with real coefficients.
For a solution of Family I we have Z, = U, = U, = 0, while (¢ — v) is given in terms

of Z, by the relation
&)
023/ 2, =v,=v,=0

of which the left-hand side is a.power series in Z,, « (¢ — v) with real coefficients.
The solution for . (s —v) in powers of Z, is therefore real, so those solutions of
Family I for which Z2 is real are real. In the expression (7.28) for their non-zero
exponents the term o is pure-imaginary, while the expression under the: radical is a
power series in Zy mth real coefficients, which in the neighbourhood of the origin changes

% ¢'g is real because it-is.the coefficient of (6—v) v in L-and therefore of ¢ (6—v) ¢in H; @ and ¢yes may
similarly be shown to be real.
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its sign with Z, provided cg(ac, + ¢5¢14) # 0, which is so in general. Hence, in general
the non-zero exponents for real solutions of Family I are pure-imaginary on one side
of the generating solution and complex on the other, and a solution for which the
exponents are complex has their imaginary part equal to half its parameter.

Family IT is obtained by solution of the conditions (7.12), (7.14), (7.15), of which the
left-hand sides are power series in v, w, w’, Zs, + (c — v) with real coefficients. In general
there is a unique real solution (7.26) for v, w, w’, Z, in powers of « (¢ — v), but Z, and U,
proceed in powers of {t (¢ — v)}, and will be real for . (¢ — v) > 0 or for: (c — v) < 0, but
not for both. Hence the real solutions of Family IT are either those for which the period
is real and greater or those for which it is real and less than twice the period of the
generating solution.

The expression (7.30) gives p? as a real function of Z;, U;, Z,,: (¢ — v), so a real
solution of Family II has its non-zero exponents either real or pure-imaginary.*

(iv) Graphical Representation of Real Periodic Solutions having a Real Period.—The
relations between the real periodic solutions of the various families may be exhibited
graphically by representing each such solution by a point whose abscissa is the appro-
priate value of ¢ (¢ — v), and whose ordinate is the constant value of I' belonging to the
solution in question. [The reason for choosing F and . (¢ — v) as co-ordinates is that
they are quantities which for any definite periodic solution have definite values not in
any way dependent on the transformations (5.20), (7.4).] If F, is the value of F
belonging to the generating solution we have in the neighbourhood of the generating
solution

F—F,=L-—N,
= — Vv (02Z2 —l" d2U2 “‘l“ C3lv + ...) - ‘%‘“Zzg + G4Z2’U + ooy

from (7.6), (7.7). The relation between F and ¢ (¢ — v) for Family I, IT or III is then
found by substituting U, = 0 and the values of Z,, v, w, w’ in terms of (o' — v), as already
found. For instance, for Family I

v=w=w =0, aly=0,(c — v) + ooy, F—Fy=—ve?(c—v)ja-+ .., (7.34)
and for Families II, III, when v, > 4 (using (7.22) )

2 — 2 __ ¢ 4
F—Fy=—yv <02 G10 ;‘*w%f aclo%zc 304) (6—=V)+.u . . (7.35)
the series on the right being the same for the two families as far as the coefficient of
(6 — v)¥~%.  Since to a real solution corresponds a real value of F, we know from what
has preceded that (7.34) gives I as a real function of : (¢ — v), and that (7.35) gives F
real for some values of ¢ (¢ — v) in the neighbourhood of the origin ;; when v, is even
(7.35) is a power series in ¢ (¢ — v), and so must be real for . (¢ — v) > 0 and : (¢ — v) < 0,

* Of course, all solutions of the Family sufficiently near the generating solution have their exponents
of the same nature; they may be real or pure-imaginary.
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while when v, is odd (7.35) is a power series in {t (¢ — v)}! and F — F is real either for
t(c —v) > 0orfori(c — v) < 0. We obtain thus a diagram of the sort shown in fig. 1
or 2. Here each point on the curve I O I corresponds to a solution of Family I, and each
point on the curves IT O, III O, IT’ O, II1’ O to a solution of Family IT or ITI. The curves
I1 O, III O touch at O. Now we know that of Families IT, III, only those solutions are
real for which ¢ (= F w) is positive, and from (7.22) we see that ¢ changes sign with

vp €ven. vy odd.
Vo>4, a#0, ¢ %0, cr#£0, acs’ -+ cwos #£ 0.
Fie. 1. F1e. 2.

t (6 — v); hence, in fig. 1, if the points of II O, III O correspond to real solutions, those
of IT' O, III' O will correspond to imaginary solutions, or wvice verss. The branches
IT" O, III" O have been drawn dotted to indicate that their points correspond to imaginary
solutions. Along each curve is written the nature of the non-zero exponents of the
periodic solutions represented by its points. '

The corresponding diagrams for the other cases are as follows :—

F-F F-F, F-E /1
[
7 =20
A &
\\*& H (b@ «o'&
Q\)& Y <9
0 ; Ty A0 o=y
e
& %
("\&§ // §
VA 1A
| 1 |
vo=4, ax0, ¢ #0, vo=3, a0, vo=2 a0, ¢ 0,
et #0, ac’s -+ ces 0. cs # 0, o7 # 0. acy + czc14 7 0.
Fre. 3. Frc. 4. Fie. 5.
VOL. CCXXVII.—A, 2B
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178 T. M. CHERRY ON PERIODIC SOLUTIONS OF

Case ITT: v, = 4.—Here (fig. 3) the curves representing Families II, III have distinct
tangents at the origin, which may lie in the same quadrant or different quadrants,
according to the values of ¢,, ¢’5, ¢, . ...

Case IV : v, = 3.—Here (fig. 4) the curves representing Families I, I touch at 0.
Case V: v, = 2.—Here (fig. 5) for Family II, F — F, is real both for « (6 — v) < 0 and
for v (6 — v) > 0, but only a certain sign for « (¢ — v) leads to real solutions.

§ 8. Example illustrating the Theory of §§ 5, 7.

Take the equations

‘_Z_ﬂ_ﬁ_@ d% oF .
&= @ e EELD (5.1)

where
F = Loy (22 + 92 -+ Fue (@22 + 90?) + $a (22 + %2)2 A+ 30 (22 + :2) (222 -+ %)
+ Fo (ma? 4 y2)? -+ 2miAtA) {f (@, — )™ (25 — o)™ -+ 9 (1 — @)™ (y2 — w@a)™},

A;, A, being positive integers greater than 2 and yu,, u,, @, b, ¢, f, g constants.* They
possess the periodic solution

=1y =0, Ty = (20,)}8In (s + cVy) t, Yo = (205)F cOS (py -+ cvp)E, . . (8.2)

where v, is an arbitrary constant.
The normalising contact transformation approprlate to this solution is

V2x, = ¢ + 1oy, V2 = o + 14 1'

/2%y = — A/2045 €08 VE + 4/2, 8in vt -+ 24/v, 80 VE -, ... (8.3)
|

V2Y2 = /20, 8in V't | 4/28, cos V't + 24/v, cos VE )

where v’ = p, - cv,, while the “ v ” of the general theory of § 5 is given by v ="}
under it the equations become

6 de_
. dt a(l)k dt o aCL
with ,
G = v (py + bwg) G oy + 00852 b (205) G 0,85 - 3 (2’02) €2 (822 + 05?)
— 30202 + 5% 0 (L2 + o) + fo (4 + ©5?)?

+ fe et ( — “)2\_/*— o ;\/1,2> " gote <C2 ;I;;og T \/7)2)*%_

The form of the second degree terms shows that the non-zero exponents of the solution
(8.2) are 4 (@, -+ bvy), = 4 A say.

* This is 4 “soluble’ system ; it reduces to that considered in § 2 when A; =2, A, =1, a =b=¢=0.
T is a veal function of the zy, ¥y, provided w1, ps, @, b, ¢ are real and f = Art4sg,
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We take as generatingsolution that solution of the family (8.2) for which A /v = — A, [A,,
ney, Ay (g + bv,) + A, (15 + cv,) = 0 (giving the requisite value of the parameter v,).
1f taking this value for v, we solve the equations (8.4), we find a solution of the form

=y €+ tPn o= Be™ +1Q )
Lo = ay + 1Py, ‘°2=32+th j,

where the P;, Q, are power series in aye", B;e™, ay, By, &. The transformation to the.
co-ordinates 2, u; is to be obtained by substituting this in (8.3), and then replacing
wrs Prs €% L OY 24, w, €7, 0, respectively. This gives

V2, = 2 4wy, V2 = uy 412y
%y = (20,)* sin ¢t 42, 8in6’t —uyco86’t -, . .. . .. (8.5)
Yo = (20,)* €08 6t + 25 cOS &'t -+ U, sin o't J

‘where the ¢ of the general theory is put equal to w0,
The Hamiltonian function of the transformed system is K, = F + M, where,

oM WM
azl [zla t] 0 % - [ul’ t]

oM , 2 0
g; == [zz, t] = — 0 (Z2 —I" (2’02)’)’ aﬁ [uz, t] = —0 uz,
and so
. M=—0¢{z (2'02)% -+ %222 -+ %’“22 >
while

F = pyv, + fovg2 + (202)F v'2o 4 3V (222 + %) + Moy + cvp2:?
+ b (20,)* 2,125 + o (2”2) Zp (22® + us?) — "“z12u12 + Sibzyuy (2 + ws?)

3¢ (222 Hug?) -z e A2t< uz\_};zz "\/”2> Fgu e A't<zzj;;wz +14/ ”2)

Thus, writing in accordance with (5.26),

1o’ Agt ! A, e—‘LG”Agt
b b

v = 2%, w=z"e w = u,

we have

K= — (6" — V) {22 (205)" + 3252 + Juo?} -+ 20 + cvg2,? + Wb (205) v2,
+ 40 (20,)° 25 (252 + uy 2) — $av? - Jubo (2% + ug?) 4 Fo (22 4 uo?)?

o (=B iy g (B ),

where
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180 T. M. CHERRY ON PERIODIC SOLUTIONS OF
Hence
L — K _Sho, K + 4¢3 A.2
Vo 1

= — (o' —v) {z (@0)! + 4 + st — 20| - onz? 4 b (20,0 02y
1

+ 30 (2v,) 2, (zzz + ug?) — Fav? + v (2 + ug?) +§o (22* + us?)?

Uy + 12y > < WUy >
+fw< Vo —14/0y ) Fgw e + 4/,
Family 1.—We obtain this family of periodlc solutions from (8.5) by putting
z, = u, = 0 and giving 2,, u, values satistying

g—i:; = — (c' . v’) (2'02)% - (c' _ \,./)z2 + 260,25 - %—O (2,02)% (z22 + ugz) + 0(2,02);. 2.2
| | + 1z, (222 + u?) =0

0 , , . i »

é&I—; = — (6" — V) uy + ¢ (200)} 2aup + Fou (2% + ) =0

B.e., {ze + (202) {— (6" — V') ¢ (202)t 20 + F0 (22> +u?)} = 0}

Uy {— (6" — V') + ¢ (20) 2, + %c (28" +ulf)} =0
We see that in accordance with the general theory the second equation is in the neighbour-
hood of z, = u, = 0 a consequence of the first, and the relation between z,, u, is

{2s -+ (205) + w2 = 2(¢" — V') Jc 4 20,.

It is evident also that any two pairs of values of z,, u, satisfying this, when substituted
in (8.5), give solutions differing only in the value of a constant additive with ¢.
The periodic solution which arises from (8.5) by putting

2= Uy = Uy = 0, 2y + (20)F = {2 (6" — V') Je -+ 2v,}}

is easily seen to coincide with (8.2) if we there put v, = (¢’ — p,)/c. Thus Family I is
represented by (8.2), with v, an arbitrary parameter. '
Famalies I, I11.—The relations (7.12), (7.15), (7.14) are

ww = oM )

fw < Usg ,\/27.22 . \/v2> = qw ( ,\/2!'?12 -+ ,\/,02>
w' {% (6" — V') +1b (205) 2, — av + 3b (& -+ uzz)}
' -, (8.6)

() -

{22 + (20)} {— (6’ — V) +-¢ (20o)* 25 -+ 3o (2.2 + wo?) + Wbw}

CwAy [ up iz, A=t gw'A,y (2 + A=l
\/22< 2\/2 2 ,,\/ru2> + \/22< 2,\/2 24 \/’ve> —OJ
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The first two give

w= Lot (g)é { 2z tws (2,,,2)&FA, 1

Pt mt @) L )
w = 4+ oth <£>%{ Uy 12s -t (2'02)*}”2

Zg - 1ty + (20,)
and the fourth becomes _
(0 + (209)8) {— (6" — v') + €(209)! 2 + o (22 +us?) -+ b}
= £ 1 (fo)t Agpt (— ) oy + 2, (205)F + 3252 4 Ju 27! {(20,)F + 2,5}, (8.8)

It will be found that the relation 9L/du, = 0 reduces in virtue of (8.7) to

u‘-; {—@6"— V,) + 0(2”2)* 2o + %c (22 + us?) + v}
k() A (— Ny 7 @0 R By

and is thus a consequence of (8.6).
The constants cg, C;, 0C;" - €o€4, €2 - @cyo Which have been assumed in § 7 to be in

general non-zero are here equal to
(._ L)Az 102‘}A2f’ ,02112‘AR g’ - 2’”2 (CAg/Al + b), 2’02 (Cw - b?‘)

respectively. Thus for general values of w,, us, @, b, ¢, f, g, the solution of the conditions
(8.6) may be carried out as in §7, and we obtain two families of periodic solutions
branching from Family I at the generating solution.

§9. Periodic Solutions when X = 0.
The contact transformation (5.20), when applied to the system (5.1), yields the
system (5.21) : '

by de_ K gy
dt  ow, dt = Oz (% = 1,2); ... .. (9.1)

here K is now a power series in the 2, u, with coefficients linear in (¢ — v), and its
leading terms are of the form (5.29), with at least one of ¢;, dy, ¢,, d; non-zero :

K = (6 — V) (erzy - dyuy - 0o2p + dattp) + a2ou; + 1022 + 22y + de? 4 ..., (9.2)

Since K does not involve # it is an integral. The equations (9.1) possess also the integral
F, since they are a transformation of (5.1), and hence also the integral M, = K —F. '
Now M is the part of K factored by o, viz.—

M = o (612, + dyuy + cozg + dotiy + .. 0).
Substituting in the identity
oKoM _oKoM 6K oKoM _dKoM_ (9.3)

s o— ——— o —— e mmm— v S22 ) e e e e e e
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the series for K, M, the vanishing of the coefficients of z,, z,, 4, gives the relations

bdl "l" Cdg == 0
Cdl + ddg — dC; == 0 s e e e e s e e e (9.4:)
a'dg == 0

whence either ¢, = d, = d; = 0 or a?b = 0.

If a®b # 0, this being the general case, we must thus have ¢, # 0.

Ifa =0, bd — ¢® # 0 we have d; = d, = 0, and since then one of ¢,, ¢, is non-zero it is
~ (since the quadratic terms in (9.2) are symmetrical with respect to 2, 2,) only a matter
of notation to suppose ¢, # 0.

If b = 0 and either @ = 0 or ¢ # 0 we have from (9.4) ol2 =0. Thus if ¢, = 0, either
¢, #0ord, #0. If ¢, # 0 the contact transformation

) 2 =12+ 7,y 2,=2% uy=uy, u=—ut1+u, ... (9.5)
gives
K= (c —v) (a7 + 67’y + dyu'y) + a2’y + 2’12’y + (¢ + )’ ...,

which is of the same form as (9.2) with ¢, # 0. 1f d, # 0 we similarly transform K to a
form in which ¢, # 0 by the contact transformation

=z u = F 2, Za=2  us=uy +2z'. . ... (9.6)

If b =a =c =0, then (9.4) gives d = 0 or d, = 0. In the former case one of ¢,, dy,
¢y, dy 18 non-zero, and it is only & matter of notation to suppose that ¢, # 0 ; if in the
latter case ¢, = 0, one of the contact transformations (9.5), (9.6) will bring K to a form
similar to (9.2) in which ¢, # 0.

Thus we may always suppose that in (9.2) ¢, # 0. The identity (9.3) then shows that
in the neighbourhood of the origin the equation 0K /ou, = 0 is a consequence of

oK oK oK
0z, Ouy, 0%

To an equilibrium solution for the z;, v, corresponds by (5.20) a periodic solution for
the @, y, of parameter o, and from what has just been seen the equilibrium solutions of
(9.1) are those sets of constant values of the z, w, satisfying (9.7). Suppose these
equations solved for 2, u, z, in terms of (s — v), u, ; then the resulting periodic solution
for the x;, 4, depends on the arbitrary parameters o, u,, and, as in § 7, we may show that
an alteration in u, is equivalent to the addition of a constant to ¢, and so that there is
no loss of generality in finding only those solutions of (9.2) for which », = 0. Inserting
the series (9.2) for K the conditions (9.7) are then

e (o — V) + bz +czp + ... =0
dy(c —v) +azy + ... =0 . ... .. (9.8)
Ca(c —v) fau, +cz - deyf...=0
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If a?b ## 0 these can be solved for z, u;, 2, as power series in (¢ — v), and, substituting
in (5.20), we have a singly-infinite family of periodic solutions for the ;, 7, which
appear as Laurent series in e* with coefficients power series in (¢ — v); the generating
solution is the member of this family for whiche — v =2, = u, =2, = 0.

It a@ce, 4 (bd — ¢®) dy — abe, is non-zero we may solve for (¢ — v), 2, 2, as power
series in #,, and there is again one family of periodic solutions.

In all other cases the solution is multiple, and there is more than one family. For
instance, if @ =0, bd — ¢® # 0 (so that d; = 0), the first and third of (9.8) are soluble
for z,, 2, as power series in u;, (s — v), and the second becomes a power series in
%, (6 — v), in which the terms of lowest degree are quadratic; in general this gives two
distinct solutions for u, as power series in (s — v), and so we obtain two families of
periodic solutions having the generating solution in common. For each family the
%, Y5 are Laurent series in e” with coefficients power series in (o — v).

A case which is specially to be noted is that in which the equations (9.8) are not
independent, so that, say, when the first and third are solved for z,, 2, as power series in
Uy, (6 — v), substitution in the second makes it an identity. We then obtain a doubly-
infinite family of periodic solutions for the w;, y;, depending on the two parameters
o, ;. This case occurs when the equations (5.1) are a “ soluble ’ system of which the
generating solution is an ¢ ordinary * periodic solution. '

The Exponents of the Periodic Solutions.—We have seen in § 5 that the exponents of a
periodic solution for the a;, y; are the same as those of the corresponding solution for the
%, 4, which is here an equilibrium solution. These are given by the investigation of
§ 7 (ii) if we write M, K, 2, v, in place of N, L, Z;, U, respectively, so the non-zero
exponents of any periodic solution as just investigated are + p where

(| 2K, PK P oM
92, | e’ mow, morny om
#K  ®K K M
0z, 0u;, Ou? ’ ou 0z,  Ouy
22K 2K 2K oM
02,02, OUy 02y 022 02,
oM oM oM
0z, Ouy 0z

, 0

and z;, %;, 25, Uy are to be given their constant values appropriate to the solution in
question. We thus obtain p? as a power series in integral or fractional powers of (¢ — v)
according as the solution of (9.8) is in integral or fractional powers of (c —v). The
absolute term in this series is easily shown to vanish in virtue of (9.4), as, of course, it
must since for the generating solution y2 = 0.

Reality of the Solutions.—We have seen (§ 5, p. 157) that when the generating solution
is real and of real period and A = 0, the transformation (5.20) may always be supposed a
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184 T. M. CHERRY ON PERIODIC SOLUTIONS OF

real transformation. Thus in the conditions (9.8) and in the expression (9.9) for p? the
series which occur are power series in z;, %, 2,, (s — v) with real coefficients. Thus the
solution of (9.8) when it is unique gives z,, %, 2, as real functions of : (¢ — v), and when
it is multiple unreal solutions occur in conjugate pairs. Moreover, for a real periodic
solution p? is real, so the non-zero exponents are either real or pure-imaginary. In
general the leading term in y2 is linear in (¢ — v), so p? changes sign with « (¢ — v) ; thus,
as we pass along the (real) family of periodic solutions, the exponents change from real
to pure imaginary at the generating solution.

The following figures, in which each curve corresponds to a real family of periodic
solutions, are analogous to those at the end of § 7 :—

F-F,
|
o
0 -y
§
K
i
I
A=0, a®b#0 A=0,a=0, bd —c*#0,
Fic. 6. Fic. .

F1c. 7 illustrates the case in which there are two real solutions for z;, u;, 2, in powers of 1 (¢ —v).

§ 10. Direct Construction of Periodic Solutions in the Neighbourhood of & Known Periodic
Solution. Convergence of the Series.

In default of a proof that the formal power series (5.13) giving the general solution of
the equations (5.1) are convergent, the investigation of §§ 5-9 is of only formal validity.
In point of fact the series (5.13) are in general divergent, but the arguments by which this
may be proved are of an indirect nature.* A new line of attack is therefore needed to
prove the convergence of the series giving the formally periodic solutions. The procedure
is to give a process for the direct construction of these solutions, and then to prove that
the series involved are convergent by the method of * dominant series.” The process
makes no direct appeal to the Hamiltonian form of the equations, but to show that it is
successful in constructing periodic solutions we invoke the existence theory of §§ 5—9
and to this the Hamiltonian form of the equations is, of course, essential.

* The argument is briefly that any system for which the transformation (5.20) is convergent is ¢ soluble,""
so that its periodic solutions are in general “ ordinary,” whereas in general a Hamiltonian system possesses
no ordinary periodic solutions.


http://rsta.royalsocietypublishing.org/

j A Y

Y |

THE ROYAL A

PHILOSOPHICAL
TRANSACTIONS

A B

THE ROYAL A

PHILOSOPHICAL
TRANSACTIONS

Downloaded from rsta.royalsocietypublishing.org

HAMILTONIAN SYSTEMS OF DIFFERENTIAL EQUATIONS. 185

Hypotheses—We suppose (i) that for the equations (5.1), viz.,

dt oy’ & om

we know a periodic solution of parameter v, and exponents -+ 0, 4 A, and also (ii) that
we know the normalising linear contact transformation appropriate to this solution, say

A A

Ty = ek (C'r: (O YGVt)9 yk = X (Cﬂ 0. Yen) 5 ot » . (102)
under this transformation the equations (10.1) become of the ¢ normal ” form .

At _ 3G de,_ G

% ey @@ 10.3)

SOCIETY

in which G is a power series in the &, o, with periodic coefficients, the terms of lowest
degree being quadratic and of the form (5.7), (5.9) or (5.12) in the various possible cases.
We suppose, further, (iii) that the Laurent series in ye” which occur in (10.2)* are
absolutely and uniformly convergentt for a certain positive range of |ye”|:

OF

S =lyet|=38, .. .. ... coe e .. (1049)

where, when v is pure-imaginary, we shall suppose §; < 1 < 3,. We suppose, finally,
(iv) that on substituting from (10.2) in F (x, y;), we obtain a series in positive powers
of the ¢;, v, and positive and negative powers of ve?, absolutely and uniformly
convergentt when

iCkISCk°>O, !wk}S w0 3>0, 3 SIYCWIS Sé;

when this is so we shall say that F ¢s reqular in the neighbourhood of the generating solution
(which is specified by putting {; = «; =0 in (10.2) ).

With these hypotheses we show (i) how to construct formal Laurent series giving the
periodic solutions of the various Families ; (ii) how to construct the normalising trans-
formation appropriate to any such solution ; (iii) that the series here involved have a
region of convergence of the same nature as that supposed for the corresponding series
(belonging to the generating solution) from which we started ; and (iv) that F is regular
in the neighbourhood of any such solution.

We call a periodic solution for which the convergency conditions (iii), (iv) are

SOCIETY

* If, e.g., 21 = Al; 4 Bwi + C¢; + Dy + E, the Laurent series in question are the coefficients
A, B, G, D, E.

+ A Laurent series in ye", absolutely convergent when &;=|ye" |=3J., is the sum of a power series
in yet, absolutely convergent when |ye’t|=3:, and a power series in (ye )~!, absolutely convergent
when |ye't | = 8,. Hence, from the absolute convergence of these series follows their uniform convergence.

OF

VOL. CCXXVIL.—A. ' 2 ¢
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186 T. M. CHERRY ON PERIODIC SOLUTIONS OF

satisfied regular, and we shall show then that when the generating solution is regular
the families furnished by the formal process of §§ 5-9 consist of reqular periodic
solutions. '
Preliminary Transformation.—We apply to (10.1) in place of (10.2) the linear trans-
formation
2, = 0, (%, o, ve™), Y= (& 0 ye?, . . . . ... (10.5)

where ¢ is an arbitrary parameter. This is a contact transformation, since (10.2) is a
contact transformation, and since in the conditions [¢;, »;]=1, etc., the quantity
ve' appears as an arbitrary parameter.

The resulting equations are of the form

B O N de, N
dt - 8(0L+ (G V) 8(% ’ dt o BCk (G V) aCk >t (10'6)
in which H = F + vN, and N is defined by the consistent equations
oN : oN
G 7, = [&, t].,, c o, =l tl, - . . .. (10.7)

the functions with respect to which the Lagrange brackets are formed being (10.5) ; H is
a power series and N is a quadratic function (not homogeneous) in the ¢, o, with
coefficients which are Laurent series in ye”, and the equations involve ¢ only through
this argument and through the factor (¢ — v) written explicitly in (10.6).

Now from (10.5) we obtain the transformation (5.20) if we replace the ;, o, by certain
power series in the z, w, (with coefficients which are Laurent series in ye™), and the
leading terms in these series are

G =2 Op = Upe

It follows that as far as the terms quadratic in (¢ — v) and the ¢;, o, the Hamiltonian
function H + (¢ — v) N is identical with the K of equations (5.21), with the trivial
difference that ¢, ©, are written for 2z, .. For when ¢ = v (10.5) is identical with
(10.2), so H is identical with G, and the quadratic terms of H are given by (5.7), (5.9) or
(5.12) ; and for any value of ¢ the absolute terms in [¢;, ¢], [w;, ¢] depend only on the
terms in (10.5) of degree less than 2 in the ;, «;, and hence from (10.7) the terms of
lowest degree in (¢ — v) N, viz., the terms linear in the {;, «;, are the same as the
corresponding terms in K. Taking for definiteness the case A # 0, A # v, we have
then as far as the leading terms (with the notation of § 5)—

H = 2o, — 32 & ...
N=02C2 —l"‘dg(og + T
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HAMILTONIAN SYSTEMS OF DIFFERENTIAL EQUATIONS. 187

Let p = 2o/v; then A =p — A (6 — v)/v, and we have as far as the terms quadratic
in (¢ — v) and the &, o,

H=po, — 3l +....

The equations (10.6) are thus éxplicitly

ddctl o6 = b1 (G 0 ¥E 0 — V), dml +eo; = Yy (& 0pve" 00— ")
d(:2 ot d(\) ’
B — dylo— )+ ha (o onreto—3), L2 a2y — oo =)+ ba G ares o —)

(10.8)

where the ¢;, ¢ are power series in (¢ — v) and the ¢, o with coefficients which are
Laurent series in ve” ; their terms of lowest degree are at least quadratic in (¢ — v) and -
the ¢, ©; and no power of (s — v) above the first occurs. Here if @ # 0 we know from
§§ 6, 7 that ¢, # 0, d, = 0, while if @ = 0 we may always suppose that ¢, # 0.

Periodic Solutions of Famly I.—We desire a solution of (10.8) in which the ¢, «; are
Laurent series in ye!. For this purpose substitute

L= 40 4 49 4.
op = oV 4 o .. ]

in the equations (10.8) and equate terms of the same order, regarding (¢ — v) as of order 1
and the ¢, o," as of order r. This gives

) . , (10.10)

ZZ: ® - -1 at
d:; — 04 = £, (4D, 0, ... GV, 00D, yet, 6 — v)

0 '
l‘;; + oo, =g (LY, 0, ... LI, @Y, ve 6 — )
L ,. . (1011)

1,0 - —
2 — f(”(ﬁk(l), 0@, 1o GO, 0,070, yet 6 — v)

Ta," _ _ :
d: = ac ® +9’ (r)( (l)a (‘)k(l)’ ck(r 1)9 wk(r 1)’ Yeat’ G — "')

J

where the f,, ;7 are rth order polynomials whose coefficients are Laurent series
in ye™.
2¢2
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188 T. M. CHERRY ON PERIODIC SOLUTIONS OF
Furst Method of Solution.—The general solution of (10.10) is

4L = aye, @,V = B, LV = ay+dy (o V)¢,

(02(1) = ‘32 - 02 (G - V)t+ aoﬁzt ‘l‘ ’%adg (0' e V) t2,

where a;, By, oy, B, are arbitrary constants, but they cannot be left all arbitrary if the
solution is to have the desired form in which ¢ enters only through the argument ye™ ;
we must, in fact, have

= f =0, dy(c — v) = 0, g — Cy(c — v) =0,

and here we know that the third condition is in general satisfied of itself, while the others
give oy, By, o, in terms of (¢ — v). The right-hand sides of the equations for the
%, ©,® are now known functions of ¢, and we may solve for the {,®, w,, and so on.
Suppose that the £, o, ... ™Y, o have been obtained as Laurent series
in ye*; then the right-hand sides of (10.11) become known Laurent series in ye”, and a
solution for ¢, «,” is obtained by adding the ‘ particular integral ” solutions corre-
sponding to each term on the right.* To a term Ae** on the right of the equation for

¢, corresponds the particular integral

60 = Ae"/(ne — o) ;
to the same term in the equation for o, corresponds
o = Ae"[(nc + p) ;
and to the same term in the equation for £, or w,” corresponds

Cz(r) or 0)2(7‘) — Aenot/%o_ :

these forms are valid, provided ne # p, no # — p, no # 0 respectively. If these
conditions are not satisfied the particular integral is of the form Afe"*; for instance,
the solution of d¢,"”/dt = A is {,") = A¢.  Such terms, in which ¢ enters other than
through exponential functions, are called secular terms, and a term on the right of an
equation which on integration leads to a secular term is called a critical term: Since our
object is to construct a solution free of secular terms we must, by some means, ensure
that no critical terms occur on the right at the successive approximations.

This condition is satisfied of itself as regards the equations for ¢, ;®, for here
a term Ae** is critical only if no = 4 p, and this cannot be so since p/sc = r/v and 2
is not an integral multiple of v.f The usual method of securing its satisfaction as regards
the equations for ¢,, w," is in principle as follows: we include in the solution for
2, 0%, P, 0,®, ... the “ complementary function ” terms which are, in fact,
additive arbitrary constants ; in any equation the coefficients of the critical terms depend

* Of course, we cannot solve for s until CQ(;) has been found.
1 By definition we have 0 = R (\/v) = 4, and we are here treating the case in which A # 0.
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HAMILTONIAN SYSTEMS OF DIFFERENTIAL EQUATIONS. 189

upon arbitrary constants which have been thus introduced in solving preceding equations,
and their vanishing is secured by suitably assigning these arbitraries.* Thus we have
already seen that to make the critical term vanish from the equation for «,™ we must

put ay = ¢, (6 — v)/a, a, being the “ complementary function > term in ;™. '

The disadvantage of this procedure is that the expressions for the ¢, w,” are not
completely and finally determined each from a single equation, and the presence of
constants whose values are fixed only when we are considering subsequent equations
introduces grave complications when we attempt to prove the series convergent. Our
problem therefore is to determine the ¢, " each completely from the appropriate
equation of (10.11), and at the same time to obtain for them expressions free of secular
terms. It is solved as follows :

Second Method of Solution.—We do not attempt by the adjustment of previously
introduced arbitrary constants to make the coefficients of the critical terms on the right
of (10.11) vanish. Instead of this we simply omst the critical terms and obtain the
4, 0" by adding the  particular integral ** solutions corresponding to each term which
remains, no arbitrary ““ complementary function ”’ terms being added except at the first
stage, 4.e., when solving (10.10). The expressions thus obtained for the ¢, o, @, ...
G, @Y are substituted in the equations for the ¢, «,, which are then treated
similarly. Of course the series (10.9) as thus term-by-term constructed do not satisfy
the equations (10.8), but from their mode of construction they will evidently, when
substituted therein, make the right- and left-hand sides identical except for series of critical
terms, which appear on the right unbalanced by anything on the left. Equating to zero
these series of critical terms, we obtain a set of conditions (actually two.conditions of
which one is a consequence of the other), and (10.9) will be a solution provided the
constants, hitherto arbitrary, on which these series depend, satisfy these conditions.
As in the first method, it is necessary that the constants of integration should not all
remain arbitrary, but the necessary restriction is imposed on them as a ﬁnal step and not
during the construction of the solution.

To proceed to details : For the first two of (10.10) the solution which has the desired
form in which ¢ enters only through positive or negative integral powers of ye” is
%Y = o, =0, which arises from the general solution ¢, = we, &,® = p,;e* by
putting «; = 8, = 0. In the third equation we reject the critical term d, (¢ — v) and
obtain ¢, = «,, and in the fourth, which is now '

o
d_(:l%— = a0y — Cy (0 — V),
we reject the critical terms ao, — ¢, (6 — v) and obtain ©,™ = @,; here «,, B, are
constants at present arbitrary, and o is, of course, the arbitrary parameter which made its
appearance in (10.5). ,
Suppose we have obtained the §®, 0@, ... LI, @, as homogeneous polynomials

b2

* For numerous examples, see *“ Méth. Nouv.,” and MourtoN,  Periodic Orbits.’
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190 T. M. CHERRY ON PERIODIC SOLUTIONS OF

iy, Py, (6 — v) of degrees 2, 2, ... (r — 1), (r — 1) respectively, the coeflicients being
Laurent series in ye”. Then the equations (10.11) become of the form

d @ 7 7, 0

Cczlt - PCI( V= ]71( ) (0523 B2a Ye ts G — V) ]
de " . ” .

d; +P‘-°1():=91()(°‘2> Bas Y™, 6 — V)
o } (10.12)
_d%— = P (ta, Bas Y€, 0 — V) F % (23, Pa, vE", 6 — V)
do 2(7) () (r) ot () ot
”ﬁ_zat2 + o' (%2, Bas Y™, 6 — v) + 0,7 (g, Bg, YET, 6 — V)

J

where the p,”, ¢, are aggregates of terms none of which is critical, and u,®, v, are
aggregates of critical terms; the p,”, ¢, are homogeneous polynomials of degree r in
a3, Ps, (6 — v) whose coefficients are Laurent series in vye”, and u,", v, are homo-
géneous polynomials in «,, By, (6 — v).* As we have seen, the first two equations can
contain no critical terms. We reject u,*, »,", and if

pk(r) — ZAk“zaﬁzb (G - v)c (Yevt)n, qk(r) — ZBk“zaBZb (0. - v)c (Yeat)n

we obtain the solution

(0 =3 Ayay'By’ (0 — v)° (ye™)" 0 =3 Byoy"8y” (6 — v)° (Yent)”]’
noe — p ’ o - p
LM =% AgnBy” (o — v)° (ve™)" L (10.13) -
ne
" aA B @ ¢ at\n {/
07 = 2 (L2 4 D)oo (o — o) (re) )

No “ complementary function ”’ terms with arbitrary coefficients are introduced.f We
proceed similarly to determine the ¢," 9, o, ” Y, and so on.

When the series (10.9), as thus constructed, are substituted in the equations (10.8) they
make the right- and left-hand sides identical, except for series of critical terms, which
appear on the right unbalanced by anything on the left. In the first two equations there
appear no critical terms, so these are satisfied ; in the third and fourth the unbalanced
critical terms are power series in «,, 8, (6 — v), Vviz., from (10.12)

u2(1) __I_ u2(2) + u2(3) __}_ . }
2
’02(1) "I"‘ ’02(2) + ’02(3) ‘]L“ see

* We write u2®, v, in (10.12) as depending on the argument yeot because the polynomials with which
we shall later be comparing them depend on the corresponding argument I (see below). Actually, of course,
u,™), v, consist of just those terms on the right of the equations in which vye® is raised to the power zero.

+ To add to ¢, the term a,e would spoil the desired form of the solution, while to add to &,® or
,™ an arbitrary integraticn-constant would amount in the completed series merely to an alteration in the

(10.14)

already arbitrary o, or ..
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where, as we have seen,

UM = dy (6 — v), 0, = any — ¢y (6 — ),
We have therefore in (10.9) a sblution of the equations (10.8), provided

U =2 w0 =0, . ... ... (10.15)

1 r=1

M8

r

to which conditions we add the conditions already introduced
0 =P =0; . . ... ....... (10.16)

this solution is periodic and of parameter c. On substitution of (10.9) in (10.5) we obtain
for the a, y, a periodic solution of parameter c. Now from §§ 6, 7 we know that the
equations (10.1) possess formal periodic solutions precisely of the nature we have been
constructing, and we infer that these solutions must be obtainable from (10.9) by
restricting the o, B4, (c — v) to satisfy (10.15), (10.16). In fact the conditions (10.15),
(10.16) render (10.9) a periodic solution, just as in §§ 6, 7 the conditions

%:%:zlzulzo ...... C ... (1017)
make (5.20) a periodic solution of (5.1). We see that «;, f, correspond respectively to
2r, U, and that the conditions (10.15), (10.16) correspond to the conditions (10.17).*
We infer that of the conditions (10.15) the first is a consequence of the second, and that
there is no loss of generality in putting B, = 0 in the second. This may then be solved
for «, in integral or fractional powers of (¢ — v), according as @ # 0 or @ = 0 ; in either
case we obtain one family (Family I) of periodic solutions whose parameter ¢ varies
continuously along the family ; the generating solution appears as the member of the
family for which ¢ = v.

Periodic Solutions of Families 11, I11.—These, as we know, exist when A/v = %/v,,
the ratio of two integers ; when this is so we have in (10.8) p/s = %/v,. In the proposed
solution we now allow ¢ to occur through positive or negative powers of either e” or e,
since p, o are commensurable, so for the solution of (10.10) we take

1 ) 1 — pt 1) 1
G = e, o, = B, M = ay, 0,V = B,,

where the o, B, are constants at present arbitrary ; we have, as before, rejected the
critical terms d, (6 — v), aay — ¢5 (6 — v) in the third and fourth of these equations.
Suppose we have obtained the 4@, o0, 457, oY as homogeneous poly-
nomials in the arguments a,e”, B,e™", a5, By, (6 — v) of orders2,2,...(r — 1), (r — 1),

* Tt may be noted that the linear terms in these conditions have precisely the same form.
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192 T. M. CHERRY ON PERIODIC SOLUTIONS OF

respectively, the coefficients being Laurent series in ye”; then the right-hand sides of
(10.1) become similar polynomials of order 7. In the equation for &, a term

A (€)™ (Blewt)bl g™ By (6 — v)° (ye)*
plog—b)Fom=0p; . ... ... ... (10.18)

in the equation for w,™ the same term is critical if p (@, — b,) +on = — o ; and in the
equations for ¢,”, w,” the same term is critical if p (@, — b;) +-on = 0. As before,
we reject the critical terms and obtain the solution for the ¢, w,” by introducing in
each term the appropriate denominator; in the four equations the denominators
appropriate to the term (10.17) are respectively o (¢, — b,) +on — p, p (@, — by) +on -0,
e (ay — by) +om, p(ay — by) -+ on.

The series (10.9) as thus constructed satisfy the equations (10.8), provided four series
of unbalanced critical terms vanish. In the first equation this unbalanced series
consists of terms (10.17) for each of which the indices satisfy (10.18), so the condition is
of the form

is critieal if

€3 Aoy By " ay By"y" (6 — V)’ =0,
in which for each term the indices satisfy (10.18), 4.e.,
Ao (@, — by) + von = Ay
it is thence easily shown that the condition is of the form
P+ Q/B, =0,

where P, Q are power series in the arguments a, £y, o,y %, B,°Y", s, By (5 —v). The
other three conditions are dealt with similarly, and the set of four is seen to be precisely
of the form of the conditions (7.13), together with oL/0Z, = dL/oU, = 0, the arguments
%y Ba, %3Py, 0"y, Byy™ corresponding respectively to Z,, U,, Z,U;, Z;”, U, We
infer that the series (10.9), on substitution in (10.5), will furnish for the x;, y; families
of periodic solutions precisely as required by the existence theory of § 7, provided the
oz, By are so determined in terms of (¢ — v) that the four series of critical terms vanish,
and that of these four conditions we can reject that arising from the third equation and,
putting g, =0, solve the remainder for «;, B;, ¢, as power series in (¢ — v)*.
The treatment of the cases A = }v, A = 0 is entirely similar, and will not be given.

Convergence of the Sertes.

Notation.—Let f (z,, #,, ...) be a series (finite or infinite) of positive or negative powers
of arguments x;, ,,...and F(X,, X,,...) a corresponding series in corresponding
arguments X;, X,, ...; then, if each coefficient in F is positive and not less than the
modulus of the corresponding coefficient in f, we write |

[z, 2, .. <K F (X, X, ..0),

and F is said to be a dominant series for f.
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Lemma.—Suppose that the z,, X occur in f, F through positive powers only, and that
by means of relations* \

&, = 95{(?/1, Yas + - -)7 Xr = @, (Yb Yz: .. -)g

where ¢, (1, ¥z -».) <@, (Yy, Yy, ...) we express f, F in terms of the y, Y,
respectively. Then it is clear that

f (ylﬁ Yas - ") < F (Yp ‘Yg, . ..).

The Lemma remains true if only certain of the z;, X, are thus replaced in terms of other
arguments, and there is no need then to restrict the remaining ,, X; to occurrence
through positive powers only.

From the hypothesis relating to the result of substituting (10.2) in F it follows that on
substituting (10.5) in F' we obtain a series in ye™ and the {;, w;, absolutely convergent
when o

1Z] =g, lop] = 0f, & =|yet=8. .. .. .. (10.19)

From the hypothesis relating to the convergence of the Laurent series in ye” involved
in (10.2) there follows the similar convergence of the Laurent series in ye”* involved in
(10.5), and hence from the definition (10.7) of N it is easily seen that the coefficients of
the various powers of the ¢, o, in N are Laurent series absolutely convergent when
5, =|vet| = 9,. Hence the series ¢, ¢, on the right of the equations (10.8) are
absolutely convergent under the conditions (10.19). For these series we find dominant
- series as follows :—

By separating the terms which involve positive from those which involve negative
powers of ve”, and by separating the terms having (¢ — v) as a factor from those not
having this factor, we write the ¢;, ) as sums of four power series, e.g.,

¢ =2Z Palblwbzncla‘lel Loy (ye)" + 2 leblu,b,nCIalwlbl Lo oo {(ye) T}
+ (6 —v) X ]-{albla,,lm?;16“‘*)11)1 Lo ap” () + (e —v) 2 S“xbﬁabnnclalmlbl Lo wa™ {(ye™) T}

in these four series the terms of lowest degree in the ¢, «; are respectively of degrees
2,2, 1,1. The first and third of these must be absolutely convergent when

I Ck! =g ! wkl = o, lYe"ti = 9,

so there are positive constants, T, V, such that

T | N X
I Paxbxaaba”l = (CIO)a, ( wIO)b, (Czo)a, ( wzo)b, 82" ’ | Ra.b;aabml = (C]_o)al ( 0)10)6, (zzo)a, ( wzo)b. 32" ’

* The ¢, @ can contain negative as well as positive powers,

VOL. CCXXVIL—A. 2D
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the second and fourth must be absolutely convergent when
lel =0 v J mk! 5 g, IYectl =3
50 there are positive constants U, W, such that

— U ' 9 I S bya5D, n[ = W v .
(Z:0)% (0,°) (£2%)" (@,°)8, " R (€0 (01" (%°) " (@5")* 8, 7"

l Qaibl%ba" l

Thus for each of the ¢;, {, there is a dominant series of the form

ve () () () () () o= () () () () ()
v () () (@) () 05
e () @
and by proper choice of T, U, V, W this one series is dominant for each of ¢,, Uy, ¢5, Us.

Let 3 (> 0) be the smallest of ¢,°, ®,% ¢,° ®,° and let C be the greater of T, V and B
the greater of U, W ; then the series (10.20) is dominated by the expansion of

(Gt o (4] o

It will be sufficient to treat in detail the convergence of the series giving the periodic
solutions of Family I. Let @, ¥, be series in arguments Z;, 4, T, s (corresponding
respectlvely to the arguments &;, «;, ve”, (6 — v)) such that

¢ (Cb Oy, Y€ ,6—-V)<(D Zk) Q. T, S } ( 1, 2)
F= ’
"I) (CIn Wy Ye sy O — V) < &4 (Zk’ Qk? F S)

(10.22)

we shall presently suppose the ®@,, ¥, of the form (10.21), but at present need suppose
only that they satisfy the “ dominance-condition *” (10.22). Then, as comparison-equa-
tions for (10.8) we take
eZy = Oy (Z, U, T, ), eQy =Wy (Z, Q T, 5)
| (10.23)
ely =chAy + 0y(Z, Q, I'ys), €Qy=¢eB, + AZ, -V, (Z,, Q;, T, s)
where A = |a| and ¢ is a positive constant whose value will be specified presently.

These are to be solved for the Z;, Q, in terms of A,, B,, s, I'; the arguments A,, B,
correspond of course to «,, B, respectively. For this purpose substitute

Z, = 7,0 + O 4 ... }

C e .. (1024)
9;,; == Qk(l) “" Qk(z) + e
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then, separating out terms of the same order—regarding the Z,”, Q,” as of order »
and A,, B,, s as of order 1-—we find

A A

OF

) ¢

S

SOCIETY

OF

eZ,"V =0, e QWM =0
..... (10.25)
Szz(l) = QAZ, € Qz(l) = 8B2 + A.Zg(l)
eZ," = F," (2, 0, . 4D, Q7Y T )
Q0 = G, (ZO, Q... Z"Y, QD T, s)
, (10.26)
eZ," = F,0 (ZD, Q... ZIY, QD T, )
eQ,” = AZ," + G, (Z, O, .. LIV, Q07D Ty s)
where, from the preliminary Lemma, we have in virtue of (10.22)
) :
g (r) ck( ), Cl)k . c (= 1) [OFA (r-1) ‘Y at g — V) < G’ (7) (Zk(l), Qk(l), “o e Zk(r—l)’ Qk(r—l), P, S).
(10.27)
The equations (10.25) give
Zl(l) - Ql(l) = O, Zz(l) = A2, Qz(l) - B2' —|" AAz/a, o o e (10.28)
and the succeeding equations are then soluble in succession for the Z,?, Q,®, ... a8
homogeneous polynomials in A,, B,, s of degrees 2, 2, ..., the coeflicients being Laurent
series in I'.  For when the Z,®, Q,®, ... Z"Y, Q" have been so obtained, (10.26)
become
SZl(r) = Pl(f) (Az, Bz, P, S)
Q" =, (A3, By, T, 9)
' e wom oL (10.29)
8Z2(r) == Pz(r) (Ag, Bz, P, 8)
eQ," = AZ," 4 Q,” (A, By, T, sy
| where the P, Q" are homogeneous polynomials of degree » in A,, B,, s with coeffi-
cients which are Laurent series in T'; and these furnish for the Z,, Q" expressions of
the stated form. All coefficients in the series (10.24) are positive.
Suppose that we have proved that
@ . 7.9
(,Ok(@) (ocz, B2’ Ye 3 G — 'V) < Qk(i) (.A.z, Bg, P, 8) P S (10.30)
fort=1,2,...(r —1); then from (10.27) we have on use of the Lemma
P , ver <P (A, By T 10.31
0 r) (“2’ Ba, €™, 0 — V) (r)( 2y D2y 1, S), ----- ( B )
5 (0 " '
g(r) (“2» 92: Ye g — V) + (r) (“2: 62’ Y@ y O — V) < Q (r) (A2, B23 s S) ¢ (10‘32)
2D 2
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Now no term «,g," (ve”)" (6 — v)° occurs in both p,™ and u,®, or in both ¢, and v,,
for by definition p,”, ¢, contain only those terms for which # = 0 and u,", vz(’) only
those terms for which % = 0, hence from (10.32) we may infer that

(r)

g(f) (“2’ Bz, Ye y 0 — V) <P (r) (Ag, Bg, P, S) e e e (10.33)
()

i (@0 B 76 0 =) <P o Y (A By T,s) . .. ... (10.39)

Now the terms of ¢,*, p,*’ are in one-one correspondence, any term of ¢,* being
derived from the corresponding term of p,* by dividing it by (nc — p) where # is integral.
Since p is not a multiple of ¢* the moduli of these divisors have a positive lower bound
x; |o|, where «, is the lower bound of |(wv — 2)/v|. Similarly we derive the terms
of «,” from those of ¢, by introducing divisors whose moduli are not less than
Ky |o |, where «, is the lower bound of | + 2)/v|. The terms of ¢, are derived
from those of p,” by introducing lelSOI'S of the form no where n 7 0, and of these the
moduli are not less than |¢|; and «,” is similarly derived from a%,” + ¢,*. We
take ¢ equal to the smallest of «;|c|, k;|c|, [6|; then a comparison of the solutions
of the first three of (10.29) with the solutions of the first three of (10.12) gives

8 (g, Ba, vE™, 0 — V) < Z, (A,, By, T, 5),

01 (xg, Bgy Y€, 0 — v) < QP (A, By, T, 5),

G2 (2a, Bay Y€, 06 — v) < Zy® (A,, By, T, 8).
From (10.33) and the last of these results we have

a8y (g, Pa, YE™, 0 — v) 92(') (225 Bo» Y™, 06 — v)
< AZ2(r) (Aza B2) F’ S) + Q2(r) (A27 B‘z, Pa S),

and hence comparing the solutions for «,, Q,®,
@™ (a3, Ba, YT, 0 — v) < Q,0 (Ag, By, T, 5).

Thus (10.30) are established for 2 = and are true for 1 =2, 3,... », provided
they are true for ¢+ = 1 ; this, however, is obvious, since

LY = o,V =0, 6 = a,. @ = P,
LV = Q0 =0, ZO=A4A, Q,"=B,+ AA,/.
Moreover, the satisfaction of the conditions /10.30 for< =1, 2, ... ® has been shown

* We have p/c = A/v.
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to imply the satisfaction of (10.34) for ¢ = 2, 8, ... ©. We infer, then, that if the series
(10.24) are convergent for

A2=A20>0, B2=B2°_> 0, 8=80>0, P: I‘0>0,
then both the series (10.9) and the series (10.14) are absolutely convergent for
oy | = Ap®  [Be| =By, [0 — v[=s, [yve'| = Ty;

(we write |ye|= T, and not |ye?| = T, because both positive and negative powers
of ye™ occur).

It remains only to consider the convergence of the comparison series (10.24). For
this purpose we take the @,, ¥, of the form (10.21), so that the comparison equations
(10.23) are

ey = Q) = (Zy — Ay)) = <(Q, — B,) — AZ,
{(Z +QI+Z +Qz)2 (Zy +Q1+Z2+Q 1/< Z1+Q1+Z2+Qz>
3

)

where L = CZ (T'/3,)" 4 BZ (3,/T')", and is a Laurent series in T', absolutely convergent
when 8; <|T| < 8,. Write

S=2 +Q +Z+Q, L =L#4/+Ald); o= A, + By + AA,/e;

then we find .
S ’ S sS
(S——a)(l 8) L < + 8),
and the solution for S which vanishes with A,, B, and s, 7.e., with «, s, is

§ =3+ a—sl) = 83 +u —sL) — da (I B
N 2 (L' +9) '

Thus
7y =Q =7y — Ay = (Qy — By — AA,/e)/(1 + AJe)
3% — 8¢ — 2L'a — 8sL’ — 8 {(8 4 « — sL')? — 4o (L 4 )}t
S TN (E T AR '

Here the numerator is expansible in a series of positive powers of

all (L' 4 8) (« + 3s)/(3% — 3« — 2L/« — 3sL/),
and we find

— 0 — e all (a + 3s) (L' + )L (« -+ 3s)2
bi=th=..=g —{—A{’b‘z w — 917a — 55T T (3 —ow — 2La —sslip }

the series on the right having all its coefficients positive. Finally the denominators
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8 — S« — 2L/« — 8sL’)~" are expansible in powers of ( = -+ 8——: : -+ 2———: %) with positive
P P 3 S 32 P
coefficients, giving - \

Z, =Q, = _oabie+ 38)< 4sL, sLA | 2«AL | 8aL

= o gty oL +'§T§+E+"'>’(m‘35)

and in this final series only positive powers of «, s, L appear. The solution (10.35) must
be identical with the solution (10.24). The conditions for the convergence of these
expansions are, for real positive values of «, 3, s, I,

4ol (L' + 8) (o -+ 8s) < (52 — dor — 2L/t — SsL')zL
S -1 2L e - 3L/ < ¢ |
which are satisfied when
«fs +all/ /8 <% sL//S+al//8? < 1.

Inserting the values of «, L’ these conditions are, for positive values of A,, B, s, L,

AA 3
Az"‘Bz‘l‘ 2<4{1—I—L 4:6—[—A/8&:2} ( )
S Ce 10.36
"3 <A B = )<4L4 T A)

Now the Laurent series L is uniformly convergent for I'y =T <T,, provided
3, < Ty < 'y <3, ; hence for all (real positive) values of I' within this range its sum
does not exceed a certain finite positive quantity L,. The positive powers of L occurring
in (10.35) are likewise Laurent series in I' whose sums for I', < ' = T, do not exceed
the appropriate power of L,. If, then, A,° B,° s, are positive values of A,, B,, s
satisfying (10.36) when on the right we put L = L,, the series (10.24) are umformly
convergent for :

0=<A, =A),, O<B2<Bz, 0=s=<s, I =TI=T,.

Hence by what has been already seen the series (10.9), ( 10.14) are absolutely and
uniformly convergent for

lag| = Ag%  [Po| =By, |o—v| =3, TIy=|ye’| =T,

Concerning this range of convergence it is to be noted : (i) the nearer we take T, T,
to 8, 3, respectively, the larger will be Ly, and hence the smaller we shall have to take
8o, A%, B,0. (ii) The values A,°, B,?, s, satisfying (10.36) tend to zero with ¢, which is the
smallest of |o|, |o|.|n— A/v|, |o|.|n+ r/v| for integral values of =, so that e—>0
as A/v tends to an integral value. '

To obtain from (10.5), (10.9) the periodic solutions of Family I we put 8, = 0 and
give «, a value satisfying (10.14) ; this value vanishes with (¢ — v), and is in general a
power series in (¢ — v), and since it is derived from (10.14) by algebraic processes the
series .in question will be "absolutely and uniformly: convergent when: |6 — v| -ig
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sufficiently small. Thus the resulting series (10.9) in ve”, ¢ — v are absolutely and
uniformly convergent when TI'; = |ye”| =T, and |o — v| is sufficiently small,
so they may be re-arranged in any manner; in particular we may write them as
convergent Laurent series in ye” with coefficients which are convergent power series
(in general) in (¢ — v). The series which result from substituting (10.9) in (10.5) are
similarly absolutely and uniformly convergent when I'; = |ye®| =T, and |6 — v| is
sufficiently small.

Convergence of the Series giving Families 11, I111.—The series (10.9) are now constructed
as power series in oye”, e, ay, By, (6 — v), the coefficients being Laurent series in
ve™, where p/o = Xy /v,, the ratio of two integers. The denominators introduced in their
solution are of the form (mp -+ nc), where m, n are integers such that this quantity does
not vanish; if p = kX, o = kv,, their moduli have the lower bound |%|. The
convergence of the series is proved exactly as above by taking as comparison equations

le = eA'1 + (Dl (Zk: Qk’ F9 S), SQI = s:Bl + ‘F_l (ZM Qlc, Fa S)
€Z2 = E:*&2 + @, (Zka Q, T, 3): eQy = é7]32 +AZ2 + ¥, (Zk> Q, T, 8)

with ¢ = |k|. The ranges of convergence established for |a,e®|, |Bie™|, |ea|, |Bal,
|6 —v| tend to zero with |k|. The vanishing of the four convergent series of critical
terms is secured by putting B, = 0 and «;, B;, x, equal to convergent power series in
(6 — v)} (in general) ; and the series derived by inserting these values in (10.9) are
absolutely convergent when T', < |ye*| =T, and |¢—v| is sufficiently small, and may
be re-arranged as Laurent series in ye”. That the range of convergence should
tend to zero with |%| is exactly what we should expect, since Families II, IIT do not
exist when A, v are incommensurable. ’

§ 11. Transformation of the Variational Equations to Normal Form.

We must now show how to form the normalising transformation appropriate to any
one of the periodic solutions as found in the last section, and also show that the series
involved are convergent. If we take the variational equations formed from such a
periodic solution as generating solution, we require a contact transformation which throws
them into the ““ normal ”’ form (5.6). For definiteness we take the general case in which
A # 0, A # %v, @ # 0, and suppose that the generating solution belongs to Family I.
Tt is most convenient to start from the equations (10.8)—which are derived from (10.1)
by the transformation (10.5)—so the generating solution is

[ =f7c ('Yeﬂ, 6 — v), o =g (ye*, o —v), . . . . .. (11.1)

where the f, g; are power series in (¢ — v), vanishing with (¢ — v) and having coefficients
which are Laurent series in ye”’. To form the variational equations put in (10.8)

| G = fi(ye", o —“vV) ;i—.\gk; o = gi(ye”, o—v) -t oo :,1(‘11-2)
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and neglect powers of the £, =, above the first. When ¢ = v, (11.2) becomes §;, = &,
o = 7y, S0 the varidtional equations have the form of the linear terms in (10.8), viz. :

& — d"h —_ 6_l§3 — {'_Zl]_z — . — .
dt = PS1> dt P71, dt - 07 dt - a"z2 (P - )\) s

when ¢ # v the variational equations are thus

% = &, (p + @y) + 10 + Exly3 + M2014

% —_ 31%1 -{_yh (—- o + azg) -+ Eg(l23 + Naloy

. s e e e e (11.3)
..(%2 = €103 + M103s + Eallas |+ N2¥se

‘%Itg = E104 + M0z + &5 (@ + a45) -+ 1204, J

where the a,, are power series in (¢ — v) vanishing with (¢ — v), the coefficients being
Laurent series in ye”. These must, of course, form a Hamiltonian set, so that, for
example, a,;; = — a,,, and we remember that p/c = A/v.

We search for a linear combination

2= B Wy FEqWs +MNaWy, « o« 0 o o o 4. (11.4)

where the wj are periodic functions of ¢ (parameter c), such that

dz
TEUL (11.5)

where p is a constant at present undetermined, and is in fact an exponent of the periodic
solution (11.1). It is easily shown that the w; must satisfy the equations

dw )
—df = Wy ( — p — Gq1) — Wallyy — W3y — Waly
d?/U2 . \
T Wi+ Wa (1 T p — @gg) — Waltgy — Wyllys
o (11.6)
_8?3 = — Wylys — Wylag -+ W3 (1 — das) — Wy (¢ + Gy)
du)4 — )
r7 Wyllyy — Wallpy — Walhgy - Wy (b — Gy ]
Thus to a first approximation

dwl JW2 du)3 dw4

UL — (@ — ©r2 — 8 — —ow,, , 2= pw,

7 (1 —p) wy, 7 (v + ) wa, 7 = B T il
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giving the general solution
w = 0616('“_"”, Wy = age(’bh,)t, Wy = 0(36”" - ad@te“t,‘ Wy = 0(46“3,

where the «, are arbitrary constants. Solutions for the w; having the required periodicity
exist if p =0, p or — p, and are as follows :

(1) ¢ =0, Wy = Wy = Wy, =0, wy=1; . . . ... (117
(i) w=op, wo=1, Wy=wy=wy=0; . .. ... (11.8)
(iil) p = — o, wy = 1, W = ws = wy, =0

any other possible choice of g, e.g., u == o, will be equivalent to one of the above, since
the exponents of the solution (11.1) are by their nature indeterminate to an integral
multiple of o.

We now show how to obtain the solution of (11.6) to which (11.8) is the first approxima-
tion. -
Put in (11.6)

» p,:p—{—-y.l ...‘.. ....... (11.9)
w1=l+w1(1)+‘w1(2)—|—...
(11.10)
Wy, =-wk(1)"|“wk(2)+-.- (k=2, 3, 4)

and separate out terms of the same order, regarding p, and (s — v), as of order 1 and
w,” as of order . We obtain '

%?zm—b*ﬁ% \
dz;i“) — 20w, = — (o — v) by
d?fl;m — ow,® = — (6 — v) by,

<

where b, is the coefficient of (¢ — v) in a,, and is a Laurent series in ye”; and in
general

dw," 1 -1 ¢ 1
dt :-f;(") (wlc( )’ oo wla“ )’ W1, 6 — Vy qu)
dw," @ — £.0) (3D = : ‘
ar 2ow, " = £, (W, ... wlY, g, 60— v, ye) .
dws" ® ) ) (). (1 1) ¢ %, - (L)
E pws"” = — aw,” + 7 (0P, ... WO, py, 6 — v, ve”)
dw4(7') N _
7 pws” = fi¥ (i, .o WY, gy, 0 — v, ye?) J

where the £, are polynomials of order #, linear in the w;,®,
VOL. CCXXVIL—A. 2 &
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Suppose the w,", ... w,""" have been obtained as polynomials of orders 1, ... (r —1)
in (6 — v), uy whose coefficients are Laurent series in ye”; then the right-hand sides of
(11.11) become homogeneous polynomials of order 7 in (¢ — v), u, whose coefficients are
Laurent series in ye¢”, and a solution for the w, is obtained by adding the “ particular
integral > solutions corresponding to each term. As in §10, a term Ae™ for which the
particular integral is of the form Bte"”, is called a critical term, and to obtain a
solution of the desired form for the w,” we omit the critical terms before integrating the
equations. Since neither ¢ nor 2p is an integral multiple of ¢ there will be critical terms
only in the equation for «,”, and here the critical terms are those of the form Ae™
in which #» = 0; for example, in the equation for w,® the critical terms are

wy — (6 —v) —611;

where b,; is the absolute term in the Laurent series by,.

The series (11.10) as thus constructed satisfy the equations (11.6), provided g, has such
a value that the sum of the critical terms arising from the equations for w,®, w,®, ...
vanishes ; writing C, for the critical terms* in the equation for w,, this condition is

b — (5 — ) by +Co+Ca+.o=0 ... .. (11.12)

and it is soluble for u, as a power series in (¢ — v). This series and the series (11.10)
will shortly be proved convergent when | ¢ — v | is sufficiently small.

The solution of (11.6) to which (11.7) is a first approximation may be constructed
similarly, or may be obtained, by algebraic processes only, from the Hamiltonian function
F as follows : by means of (10.5) and (11.2) we express F as a power series in the £,, »; ;
then, since F' is an integral of the equations (10.1), the linear terms in this series, say
L, = &4+ n1¢e + Eads + 294, give an integral of the variational equations (11.3),
so that dL/dt = 0 in virtue of (11.3). Evidently w, = ¢, is the periodic solution of
(11.6) belonging to the exponent p = 0.

Since F, when expressed in terms of the £, «;, gives a series convergent under the
conditions (10.19), the series ¢y, . .. ¢, are absolutely and uniformly convergent under
conditions of the form

815”30‘[5‘32: lo—v|=s,.

To prove the series (11.10), (11.12) convergent we use a method similar to that of
§10. The series on the right of (10.8) are absolutely convergent in the range (10.19),
and in the transformation (11.2) the series f;, ¢, vanish with (¢ — v), and are absolutely
convergent for _

le —v|=eg I, =|ye'| =Ty,

* C, is a homogeneous polynomial in (6 — v), ; of order .
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where ¢ is a certain positive constant and (T';, T',) is any range interior to (3,, 3,). Hence,
in the equations (11.3), (11.6), the series a,, are absolutely convergent for

where d is a certain positive constant. As comparison equations we take

eW, =¢ 4+ W, (m + An)_ + WAy 'I" WA, 4 WA,
eW, = WiAs + W (m + Asp) + Wils, + WeAy,
eW; = WiAys 4 WoAps + Wi (m 4 Ags) -+ W, (A + Ays)
W, = WiAs, + Wolyy + WiAg, + Wi (m -+ Ay J

, (11.13)
[

where A =| ¢ | and the A,, are series in arguments I', s, vanishing with s and such

that
Cys (Yeﬂt: G — V) < Ars (Pa 8) 5

the argumehts m, W;, T, s correspond respectively to w;, wy, ye”, (c — v), and ¢ is a
constant whose value will be specified presently. These are to be solyed for the W,
as series of positive powers of m, s, and positive and negative powers of T'.

When m = s =0 (11.13) give

W1=1, W2=W3=——TW4=O-
Substituting then '
=1 ® @ ..
Wi + W W . ... (1114)
W,=W®O + W& 4, . (k=2,3,4)

we obtain on separating out terms of the same order

SW]_(I) =m + SBu, 3W2(1) — SB]_z, €W3(1) B 8B13 _l- AW4(1), 3W4(1) = 5B14,
where B,, is the coefficient of s in A,, ; and in general

sz(r) = Fl(r) (ch(l)> s Wla(r_—l)s m, S, F)
eW,? =F,0 (WD, ... WD, m, s, T')

} _ ]
eWs® = AW,” + F@ (WO, ... W, m, 5, T)

eW,?=F,2(W®, ... W, m,s, I')
where
SO @ oo w D, w0 — v, vet) KFO (WD, o0 Wi, my s, T).

From any term p,™ (s — v)" (ye”)™ on the right of (11.11) we obtain the corresponding
“ particular integral ”’ term by dividing by an expression of one of the forms

N3c, Ngo — 29) Ngo — p;

2 E 2
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since neither p nor 2p is a multiple of o the moduli of these divisors have a positive lower
bound, and to this we equate . 'We may then show, as in § 10, that

w (py, 0 — v, ve) KW (m, 8, T) (r=12...00),
and that _
Co(pp 0 — v, ve”) <eW P (m, 5, T) (r=1,2,... ).

The comparison series (11.14) are easily shown to be convergent when I'y = I' = T,
for sufficiently small positive values of m, s, and hence the series (11.10), (11.12) are
absolutely and uniformly convergent under conditions of the form

1SIYeatlS | AP IG"‘VISSm IP-llS ToAN

We may solve (11.12) for y, as an absolutely convergent power series in (¢ — v) vanishing
with (¢ — v), and (11.10) then become series in (¢ — v), ye” a,bsolutely and uniformly
convergent under conditions of the form

T, =iy’ |=T, Jo—v|=s ....... (1115

We have now shown how to find linear combinations z;, #, of the ,, », with periodic
coefficients (parameter ), say

A= By b S s L . (11.16)
2y = Guw"y + mw'y + Ew'’s + MW"y
satisfying respectively the equations

dz1 _ dz,

—2 =
dt y‘zlﬁ dt )

Here y is a convergent power series in (¢ — v), and the w’;, w”’, are series in (¢ —v), ye*

absolutely and uniformly convergent under conditions of the form (11.15); and when
¢ — v =0 we have

wy =1, wy=w3=w,=0, p=2»r (d¢. 11.8);
we=1 W'\ =w's=w'y=0 (of. 11.7).

Thus, when |6 — v| is suﬁiciently small, we have pu # 0 (mod. ¢), and so*

. (2, 22) = 0.
Then if we put
(W'sw"s — w' w's) wy = w50, — w''iny + Az, -+ Bz, (11.17)
(W' w"’s — " w") up = — w'yny + w'iny + Bz, 4-Czy '

* CHERRY, ‘Proc. Lond. Math. Soc.,” vol. 26, p. 211 (1927), “ On the transformation of Hamiltonian
systems of linear differential equations with constant or periodic coefficients,”” § 10.
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the transformation from the &, v, to the 2, w, specified by (11.16), (11.17) is a contact
transformation, and A, B, C can be so determined as series in (¢ — v), ye* that the
equations (11.3) become under this transformation

dz, _ du, dzy __ duy __
'd}"‘— Y2, 'Jt' - Py, dt =0, dt | CZgy « .« . (11'18)

L4

where ¢ is a constant.* Since
w'yw"s — w”yw's = 1 + (terms vanishing with (¢ — v))

we may solve (11.16), (11.17) for the &, u; as linear functions of the z, w, with coeffi-
cients which are series of positive powers of (¢ — v) and positive and negative powers of
ve”, and it is a trivial matter to prove that these series are absolutely and uniformly
convergent under conditions of the form (11.15). Call this transformation

& = 0'4 (2 4, Y€, 0 — V), N =%t (%rs Up Y€, o — v); . . (11.19)

then by combining (10.5), (11.2), (11.19) we obtain the ““ normalising > linear contact trans-
Jormation appropriate to a generating solution of parameter ¢ belonging to Family I, and
the series here involved are absolutely comvergent when Ty < |ve”|= T'yand |c — v| is
sufficiently small.

Now when F is expressed in terms of the &;, w; by means of (10.5) we obtain by
hypothesis a series absolutely convergent when §, =< |ye"| =38, and |¢|, |w,| are
sufficiently small. By means of (11.2), (11.19) we may express F as a power series
in the z,, u;. Since the &, «, vanish with (¢ — v) and the 2, «,, and the series involved
in the transformations (11.2), (11.19) are uniformly convergent, we may make the
|€:|s | @ arbitrarily small by taking |6 — v|, |2/, |u;| sufficiently small. Using this
fact, together with the absolute convergence of the transformations, we see that F
becomes a power series in the z;, w, with coefficients which are series in (¢ — v), ye®,
absolutely convergent when I'; < |ye”| =T, and |6 — v|, |%], |u| are sufficiently
small. Thus T is regulart in the neighbourhood of any periodic solution of Family I
sufficiently near the generating solution.

By using similar methods we may construct the normalising contact transformation
appropriate to a generating solution of Family II or III, and that appropriate to a
periodic solution of Family I or IT when ¢ =0 or A =0 or A =}v, and we may
similarly establish the convergence of the series here involved and the regularity of F
in the neighbourhood of such a periodic solution.

Thus we have shown that in the neighbourhood of amy REGULART periodic solution the
Jamilies furnished by the formal process of §§ 5-9 consist of REGULAR periodic solutions.

* CHERRY, loc. cit., § 12.
T For explanation of this term see § 10, p. 185 above.
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206 T. M. CHERRY ON PERIODIC SOLUTIONS OF

PrrI0ODIC SOLUTIONS IN THE NEIGHBOURHOOD OF AN EQUILIBRIUM SOLUTION.
§12.

An equilibrium solution of the equations (5.1) is a solution of the form
wk - .’Ek.o, yk == yko, ........... (12.1)

where the z,%, y,° are constants ; it is, of course, a special case of a periodic solution.
The condition that (12.1) should be an equilibrium solution is that the right-hand sides
of the equations (5.1) should vanish at this point. We suppose that F is expansible in
powers of the , — z,°, y, — ¥,°.

The theory of periodic solutions in the neighbourhood of such a point follows in its
main lines the procedure of §§ 5-11, but differs so much in its details as to require a
separate exposition. Lack of space forbids more than the mention of a few of the
salient points and a statement of the results.

A normalising transformation in which z, — %0, y, —%° are homogeneous linear
functions of the ¢, «;, with constant coefficients, reduces the equations (5.1) to the form

(cf- (5.10) )

G _ 3G o, _ 3G
B TEmme (12.2)

in which G is a power series in the ¢, o, beginning with quadratic terms G, ; if the
exponents of the solution (12.1) are +2,, + A, we have

when 2; 2 0, 2, 20, A % Ay, G = MG o+ 260y

when 1, = 2, # 0, Gy = M (Grog + Ca0p) + a8y
when 2, # 0, 2, =0, Gy = MG op + 3082 ;

when A, = A, =0, Gy = aly0; + $0E2 + 4,8, + 3dC2.

The equations (12.2) may be formally solved by power series in the arguments
“16)“‘7 @16~Mt3 “26Mt7 Bze—)‘at:

with coefficients polynomial in ¢, and the Lagrange brackets of the integration-cohstants
«z, By have the values (5.4). Putting ¢ = 0 in this general solution and replacing «;, B,
by 2, u, respectively, we obtain a formal contact transformation

B =fi @ W)y Yo =G W)y - - . . . oo (123)

whereby the equations (5.1) become (cf. (5.21) )
dy K du_ 3K
dt — o’ di 0z,
where K is a power series :
K = ZAalbxa'ibz zl‘“ ul"‘ z2a2 ugbz,
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in which for each term the indices satisfy the relation
‘ Ay (@ — b)) =+ g (@y — by) = 0.
Thus (i) if A;, A, are connected by no relation of the form
Ay =Aphy, o o oo .. (12.5)

where A, A, are integers not both zero, K is a power series in two arguments v;, = 24,
and vy, = z,u, ; (ii) if there is a relation (12.5) we may suppose A;, A, mutually prime,
and K is a power series in the four arguments

. — . J— A A, . r A A
Vi, = 21Uy 5 Vg, == Zalhg ; W, = 2y ' Ug " W, == Uy ' 2"

which are connected by the relation ww’ = v, % v, ; (iil) if A, = A, =0, K is a power
series in the four arguments z;, 4y, 2,, 4,. We see that if either of the exponents 2;, 2,
is taken to correspond with the A of § 5, the other corresponds in a sense to v.

From any formally periodic solution of (12.4) we can deduce through (12.3) a formally
periodic solution of (5.1). Solutions so derived may be shown to be regular by a
method similar to that of § 10, under the sole hypothesis that the Hamiltowian function F
is reqular at the pownt (2:°, ¥0).

Case I: 2y, 2, ncommensurable (¢f. § 6).—In (12.4) we have K = K (v, v,) and the

equations are
dz, _ , oK duy, oK

T d e, ®=12
possessing the integrals »,, v,. They possess the two families of periodic solutions

D z1‘= e, Uy = Be™, 2 =Uy =0, o= <_3i§> ; (12.6)
a’l)l V= oyBy, V=0

(I1) 2, = uy =0, 25 = aye™, Uy = By, o0, = (-QI—{> ;
8’02 0y =0, D, = oy

each family depends on two arbitrary constants, e.g., «;, ; for Family I, but is to be
regarded as only singly-infinite since an alteration in the two constants which leaves their
product unchanged is equivalent to the addition of a constant to ¢. In general we may
solve (12.6) for «,B, as a power series in (6; — A;) vanishing with (o; — 2;), and then
writing : '

. oy = (o B4)* v, By = (Bt Y = (o /Bs)?,
Family I becomes L

zn=re"P,  w=(ye")7'Q, zm=u=0,. .. .. (12.7)

where P, Q are power series in (¢, — 2;)* vanishing with (6; — ;) ; and similarly for
Family II. Both families have the solution (12.1) as a limiting member. '

When F is a real function of the #;, ¥, and the equilibrium solution (12.1) is real, both
families of periodic solutions have real members ; the real solutions of either family have
their periods real only when the corresponding exponent A, or 1, is pure-imaginary.
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The non-zero exponents of a solution of Family I are in general expressible as power
series in (c; — %), reducing to 4+ A, when o; = 1, ; and similarly for Family II.

Case I1: A, A, commensurable (of. § 7).—TFamilies I, II exist as before in general ;
we find also Families III, IV of solutions analogous to Families IT, ITI of §7, and so to
Poincarir’s “ solutions du deuxiéme genre  ; the families in question may be thought
of as branching from either Family I or Family IT at the equilibrium solution (12.1). The
solutions in question are of the form

Zl = txleA’d, ul — Ble—A,o't’ Zz’ == “26A1at7 u2 == Bze—A"qt, o s e (12.8)
where the «;, @; are constants subject to the conditions of giving values of v, ( = «; 8;),
Vg (= «3By), W (=a;MBy™), w' (= ByMa,") which satisfy the equations (¢f. (7.12),

(7.14), (7.15) ) :
uw’ = v, Aw,t

w ?—E — w, a_Ig..
ow ow’ ;o . .. (129)
oK oK 0
1)1’02 <A1 5‘5‘1‘ - A2 %;) + w—a% (A.lz,vz - Agzvl) = O

while ¢ is a constant given in terms of vy, v,, w, w’ by

A, 00,  Apv ow’
These conditions lead in general to fwo distinct solutions for the a;, B, as power series in

(6 — A /A,)* vanishing with (¢ — 2;/A,), and the solution (12.8) is of the form
7y = (ye)" Py, uy = (ye™)™HQy, 2 = (ve)4P,, Uy = (ve™) "HQy,

where the P;, Q; are series of this nature and v is an arbitrary constant.

When (i) F is a real function of the z, 4, (ii) the equilibrium solution (12.1) is real,
and (iii) 2;, A, are pure-imaginary, both Families I and IT possess real periodic solutions of
real period ; Families ITI and IV, on the other hand, will possess such real solutions only
if a certain relation of inequality between the coefficients of the terms of degrees 2, 3 and 4
in the power series G is satisfied.

For real solutions of Families I, II, the non-zero exponents are in general pure-
imaginary ; when Families III and IV possess real solutions their non-zero exponents
are in general real for one family and pure-imaginary for the other.

The following table shows what is in general the nature of the non-zero exponents
of real solutions of the various families when A;, 2, are pure-imaginary. An asterisk
denotes that to the family belong real solutions if, and only if, the relation of inequality
already mentioned holds. A dash in any column denotes that there is no family of the
corresponding sort having the origin as a limiting member. The assignment of numbers
to the families in those cases in which they are less than four in number is made so as to
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preserve the greatest possible analogy with the most general case in which four families
exist, viz., A,/\, rational but not integral.

Nature of the Exponents of Families of Real Periodic Solutions branching from an
Equilibrium Solution whose Exponents + Ay, = Ay are Pure-tmaginary (| A | = | 25]).

A/ A ' Family I. Family IL. Family IIL. Family IV.
Not' commensurable Pure-imaginary Pure-imaginary — —
* *
Rational but not Pure-imaginary Pure-imaginary Pure-imaginary Real.
integral
* * o
Integral, Pure-imaginary Pure-imaginary | Pure-imaginary Real.
>3 ’
* *
=3 Pure-imaginary Pure-imaginary or | Pure-imaginary Real.
real
* *
= 2 Complex — Pure-imaginary Pure-imaginary.
| , * *
=1 — — Pure-imaginary Real.
=0 — — Pure-imaginary or —
real. :

Suppose that we know an equilibrium solution (12.1) in whose neighbourhood F is
regular. Let £ be a periodic solution in the neighbourhood of this equilibrium solution
as furnished by the preceding theory. Then the method of § 10 may be used to give
periodic solutions in the neighbourhood of &, provided that we know the normalising
contact transformation appropriate to &. This contact transformation may be found,
the series involved may be proved convergent, and F may be shown to be regular in
the neighbourhood of &, by a method similar to that of § 11, so & is a regular periodic
solution. Call &, any periodic solution in the neighbourhood of & as found by the
‘method of § 10 ; we may take £, as generating solution and proceed by the same method
to find regular periodic solutions in ¢s neighbourhood, and so on. We see, therefore, the
importance of the results of this section, for the knowledge merely of a regular equalibrium
solution enables us to construct as many families of regular periodic solutions as we like.

The finding of an equilibrium solution is a problem of * algebraic” mnature,
for the equilibrium solutions are the sets of values (z;, ;) for which oF /dz, = oF /0y, = 0.
We can, for instance, assert that if F' is a polynomial in the z;, %, the equations (5.1)
will certainly possess equilibrium solutions, and therefore also an infinite number of
families of regular periodic solutions, '

VOL. CCXXVII.—A., 2 F
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210 T. M. CHERRY ON PERIODIC SOLUTIONS OF

EQUATIONS DEPENDING ON AN ARBITRARY PARAMETER Q.

§ 13. Varwation of Periodic Solutions with an Arbitrary Parameter on which the Equatwns
Depend.

We shall now show that when the equations depend analytically on an arbitrary
parameter u, any family of regular periodic solutions varies in general continuously*
with w. One important consequence of this result is that we may assert that if a certain
system of equations is known to possess periodic solutions, then all systems of equations
which differ sufficiently little from the first system must possess periodic solutions also.

We take the equations

do, _ o + pH) dy, . o (F + pH)

7 o 5 (k=1,2), ... (13.1)

where I is an analytic function of the ;, y, and H is an analytic function of p and the
T, Yr, and suppose that when p = 0 these equations possess the regular periodic solution

lszqﬁk (Ye”t), yk: ka(Yew), e e e e e e e e (13.2)

its exponents being 0,0, + A.  Putting x, = ¢, + &4, 4 = 4 + =, the function F is
supposed developable in powers of the £;, n, and H in powers of u and the &, 7;. Then,
by a method similar to that of § 5 we may construct a contact transformation

3 :fk (zn un &, Yedt)a yk - gk (zr: Uy, W, Yeat)3 L (133)

where the fy, g, are power series in p and the z, w, with coefficients wkwk are Laurent
series in ye™, under which the equations (13.1) become

dz, oK du, oK
T @ my e (1BY
where K s @ sertes : '

K=F+ M+ pH
= 2 (Aupaped + 0Bapaged ) 215 250" (ye) ... . . . . . (18.5)
wn which for each term the indices are integers satisfying '

7\1 (al - bl) '—{“ VC = O
.. ... (13.6)
o =0, by=0, a,=0, b,=0, d=0

We first apply the linear contact transformation (5.11), and then solve the resulting equations, treating
was of the same order as the oy, B ; We thus obtain the successive terms in the series for the &y, ey as
homogeneous polynomials in y, e, Pie™, as, By with coefficients which involve ¢ polynomially and
ye"* through positive and negative powers. The dependence of the j, wy on the arbitrary p makes no
difference to the argument whereby we prove that the Lagrange brackets of the o, [ have the values (5.14),
or to the argument whereby we obtain the contact transformation (5.20) and establish the special form of the
series for K.

* Here and below, functions which are stated to vary continuously with w are actually analytic
functions of p, regular at the point g = 0.
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From the relation (13.6) we may show, as in § 5, that

(i) when A, v are incommensurable, K involves z;, ; only through their product v,
and is independent of ye;

(i) when 2, v are commensurable and A # 0, K involves z,, %,;, ¢ only through the
arguments

0=z W = 2" (ye) T w, = u (ye)v;

(i) when 2 == 0, K does not depend on the argument ye”. Of course, when p =0,
the equations (13.4) are identical with (5.21), so the terms in K which are independent
of pn and are of lowest degree in (¢ — v) and the z;, u; have the form (5.25), (5.27) or
(5.29), according to the value of A/v.

As in §§ 6, 7, we obtain periodic. solutions of (13.1) through the transformation (13.3)
by searching for solutions of (13.4) of a specially simple form, viz. :

for Family I—
21 — u]_ == 0, Z2 - zzo, U2 = u20; e e e (13.7)

for Families IT, T1T—
2, = 2,° (ye)M", Uy = Uy (ye) oM, Zo = 2% Uy = U0 ; . . (13.8)

but the conditions for solutions of this form will now depend on p as well as on (¢ — v)
and the z, u;.

Cases I-V: a # 0. It will be sufficient to investigate Famlly I. The equations (13.4)
then have the equlhbrlum solution (13.7), provided

K _, oK

_— = O o 1
0% ’ 8u20 (13.9)

The argument still applies by which, if
K =(o — v)(coze + dathy) + 20 — Ja2.* 4 1 (03'20 + da'ths) +- €5 (6 — V) v - c2ov + ...,

we prove that ¢, may alv&ays be supposed non-zero, that the second of (13.9) is a conse-
quence of the first, and that in this condition, viz.,

(6 —v)—azy+c'p+...=0, ... ... .. (13.10)

we lose no generality by putting u, = 0. If @ # 0 (the general case) we may solve (13.10)
for z, as a power series in (¢ — v), p; if @ = 0 we may solve for (s — v) in powers of
%y, w. Substituting this solution in (13.3), together with 2z, = u, = u, = 0, we obtain
a formally periodic solution of (13.1), the z;, y; appearing in general as power series in
(6 — v), u, in which the coefficients are Laurent series in ve”. An easy extension of
the method of §10 proves these series absolutely convergent when |¢ — v|, |u| are

2% 2
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sufficiently small and |ye®| lies between suitable limits. Thus Family [ wvaries
continuously with p.

The non-zero exponents of such a solution have (if »  1v*) the values - m, where
m = (aK/a,U)Zl = =1y = 0,2 =20

and is so in general a power series in (¢ — v), w which may be proved convergent by an
extension of the method of § 11. Now the work of §§ 6, 7, has shown the importance for
any periodic solution of the characteristic ratio (exponent)/(parameter) as affecting the
nature of the results obtained for periodic solutions in its neighbourhood. We
enquire therefore whether for small values of | 1| Family T will still contain a solution
having the same characteristic ratio 2/v as the generating solution (13.2). For this the
condition is m/\ = a/v, t.e.,

oK G — V) A

<5®->0-« a=C=Wr L asa

v
1.€.,

(cs — %> (6 — v) ‘+ Cy% +- oo = 0.

This and (13.10) are uniquely soluble for (¢ — v), 2, in powers of u, provided
ColyFa(cg— A[v) #0, . . . . ... .. Ny (13.12)

which is true in general ; but if ¢y, + @ (¢; — A/v) = 0 there is in general a multiple
solution in fractional powers of w. The only case in which there can be no solution is
that in which for p. = 0 all the solutions of Family I have the same characteristic ratio.
It is easily seen that when c,¢, + @ (¢; — A/v) = 0 the characteristic ratio of the solutions
of Family I for u = 0 is stationary in value at the generating solution (13.2) ; this solution
1s therefore to be regarded as multiple, the multiplicity being, of course, equal to the
number of solutions, having the same characteristic ratio, into which it splits when
w # 0. Now as generating solution (13.2) when p = 0, we can take any one of the
periodic solutions investigated in §§ 6, 7, 9 for which the characteristic ratio is not zero,
this solution being regarded as multiple in the circumstances just explained. We see
that in general, to each periodic solution of non-zero characteristic ratio corresponds, for | |
sufficiently small, a unique periodic solution having the same characteristic ratio ; as w varies
each solution changes continuously (i.e., the m,, y, are for it continuous functions of ., t)
so as to have always the same characteristic ratio, and its parameter o varies continuously
with p..  The only case in which, as p varies from the value 0, such a periodic solution cannot
change continuously into a solution having the same characteristic ratio is that in which for

= 0 the solution in question belongs to a family along which the characteristic ratio is
unvariable ; but here it is still true that the family changes continuously with w. (the solutions
composing the family remaining, of course, always periodic).

When F - pH is a real function of p and the #,, y;, and the generating solution (13.2)

* When A=} v the investigation is similar.


http://rsta.royalsocietypublishing.org/

a
A
A
—%
A B

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

) §

p
\

y
S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org
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isreal and of real period, we may show, asin § 6, p. 162, and § 7; p. 174, that the left-hand
sides of the conditions (13.10), (18.11) are power series in t (¢ — v), 25, p with real coeffi-
cients ; hence, when the solution for i (s — v), z, in terms of p is unique it is real, and

‘when it is multiple complex solutions occur in conjugate pairs. Thus, as p varies @

pertodic solution of given non-zero characteristic ratio can change from reality to unreality
only by uniting with another real periodic solution of the same characteristic ratio.*

It is of interest to give figures analogous to those at the end of § 7 illustrating the
relations between the real solutions of Families I, II, III, when for w = 0 there is a
double periodic solution having its characteristic ratio commensurable; this 1s an
exceptional case which was not treated in § 7, where we took only the general case in
which (13.12) is satisfied. Tf we still suppose ¢g # 0, ¢, 0, we obtain figures analogous
to fig. 1, of which the following are typicalf :

FuH~(FepH), FeuH-FpH), |

(Y Real |

AR

AR

~
NN

ATy
<

- [,'/' 0 -y
7 ,
17§ :
| : I
p <0. w=0. w > 0.
Vo > 4, a#0, c¢5#£0, cr # 0, ac's + ex¢4 = 0.
Fic. 8.
Eoll-Goll, FepH-FrH,
\“0(
D i
-9y
)
pureln® . &
| I
' &
]
w<0. p=0. w> 0.
vo =2, a0, ¢ # 0, acy + ¢yc14 = 0.
Fic. 9.

* Tn comparing these theorems with those in “Méth Nouv.,” Chap. xxxi, it must be borne in mind that
PoiNcARE appears always to speak as though to any periodic solution for g = 0 corresponds for any non-
zero value of y a unigue solution which is its analytic continuation. This is, however, not the case, since
for any p there is a continuous family of periodic solutions. To make the correspondence precise we
must specify, e.g., as in the text, a particular member of the family.

t As in preceding figures, along each curve is indicated the nature of the non-zero exponents of the
solutions represented by its points. '
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We see that for p = 0 there is in Family I a double solution of characteristic ratio Ay/v,
(represented by O); for w > 0 there are two real solutions of this characteristic ratio
(represented by A, B), and for p < 0 no such real solution. As p increases through
negative values the (real) Families II, III gradually approach Family I: they have a
double solution (O) in common with that Family for p = 0, and as p increases through
positive values they have two gradually separating solutions (A, B) in common.

We may now fill in a gap that was left in § 7, where it was stated that certain coeffi-
cients in the series K are in general non-zero. Suppose the equations (5.1) whose
Hamiltonian function is F (z, %) possess a periodic solution of parameter v and
characteristic ratio A/v; then the equations (13.1) whose Hamiltonian function is
F - wH possess a periodic solution of parameter v’ and the same characteristic ratio,
and this solution and its parameter v’ vary continuously with u. Take this solution as
generating solution, and by the method of § 5 transform the equations (13.1) into the
form (5.21) ; then the coefficients in the new Hamiltonian function K are power series in
which it is not difficult to prove convergent,* so these coefficients vary continuously
with u. If we suppose F defined by the coefficients in its development about some
point (z, y:), it follows then that ¢,, ¢,, ... are analytic functions of these coefficients.
Now we have given in § 8 a particular case in which ¢, ¢, ac’, + cgc,, ¢, -+ ac,, are
non-zero ; it follows that they must be non-zero in general for any Hamiltonian function F.
This point is of prime importance, since on it rests our conclusion that for Hamilionian
systems in general the periodic solutions are in general * singular ” and not * ordinary.”

Case VI : 2 = 0.—To obtain periodic solutions of (13.1) we now search for equilibrium
solutions of (13.4), where K is a power series in p and the 2, %, not involving ¢, with
coefficients linear in (¢ — v), say

K = (6 — v) (21 + dyuy + 325 + dous) + azor, + 3022 - 02,2, 4 3d2,?
"{" [L (O'lzl + d’lul ‘JI"' 0/2Z2 —"' d,2u2) ":’- . . .‘ . e . . . . (13.13)

The dependence of K on u makes no difference to the argument of § 9, whereby we show
that we may always suppose ¢, # 0, that the equation 6K /du, == 0 is a consequence of

e | C .. (13.14)

and that in these equations we lose no generality by putting v, = 0. Explicitly (13.14)
are
e, (o — v) bz ez + i .. =0
dy (6 —v) +azy, +dp -+ ... =0
Cs (6 —v) +au, +czy +dzy +cop +...=0
* The essential points are that the series involved in the linear contact transformation (5.11) are con-

vergent, and that the coefficient of a term of any specified order in K depends only on the coefficients of terms
up to this order in G.
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If either of the quantities a2b, acc, 4 (bd — ¢?) d, — abe, is non-zero, we may solve for
three of (¢ — v), 2, u;, 2, as power series in the fourth and g, so there is for (13.1) a
family of periodic solutions which varies continuously with p.

Similarly if for p == 0 the equations (13.14) are independent, so that there is a solution
of finite multiplicity (p, say) for, say, z, u;, 2, in terms of (s — v), then when u # 0 the
equations are still independent, and have a solution of multiplicity p for 2, u,, 2, in terms
of (6 — v), u. There are, then, for (13.1) p families of periodic solutions which vary
continuously with p, and have the generating solution as a common member when
w =0. For instance, if @ = 0, bd — ¢ # 0, the relations between the real periodic
solutions in the neighbourhood of the generating solution are in general represented by
figures such as the following (cf. fig. 7) :

F+uH- F*pH)o I F*}lH~ F*Mwo

u <0.

Here for p <0 we have two real periodic solutions having all their exponents zero
(represented by A, B); for u = 0 a double solution (O) of this nature, and for p > 0
no real such solution.

It may happen that for u == 0 the equations (13.14) are not independent.* If this is
so there is in general no solution for any three of (6 — v), 2, %;, 2, in terms of the fourth
and of p, which vanishes with these quantities. We then have in the neighbourhood of
the generating solution a double nfinity of periodic solutions when p = 0, and no such
solution when p # 0. For instance, if @ = 0, bd — ¢* # 0 we may solve the first and
third of (13.14) for z,, 2z, in powers of «;, (s — v), u, and on substitution in the second it
becomes a power series in %, (¢ — v), ». 1f the terms independent of w vanish identically
the equations (13.1) have for u ==0 a double infinity of periodic solutions (depending
on the two arbitrary parameters u,, (c — v)). When p % 0 we may cancel a factor u
or some power of 1, and the resulting condition, say

A—I—B’Ml-{—C(G’—*V)'{’DgL‘I’*...:O, ------ s (13.15)
is not soluble for u, in powers of (¢ — v), p or for (c — v) in powers of u,, ¢ unless A = 0,
which ts not, in general, the case.t This state of affairs is of importance because it arises

* Note that in Cases I~V the corresponding equations z, = 4, = 0K/0z, = 0 are always independent.
t The justification of this statement is by an argument similar to that employed above concerning
Cg> C7> +.. See also the next paragraph but one. ’
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when for p == 0 the equations (13.1) form a ““ soluble ” system of which the generating
solution (13.2) is an “* ordinary ” periodic solution (§2 above). To pursue the matter
turther suppose that when p = 0 the system (13.1) is ““soluble,” and consider a definite
singly-infinite family ff of ordinary periodic solutions, all having the same period, §f
depending continuously on an arbitrary parameter «. Taking any solution of this family
as generating solution we may form the conditions (13.14), and thence the condition
(13.15), and here the coefficients A, B, . . . will depend continuously on«. The conditions
that (13.15) may have a solution for , in terms of (¢ — v), p which vanishes with these
quantities (or for (c — v) in terms of u,, p) are (i) A = 0, (ii) the left-hand side must not
vanish when w = 0, this being so, for example, if B # 0 or C # 0. In general, A will
not vanish identically as regards o, but it may be possible to give « a discrete set of
values oy, a,, . . . for any one of which A = 0. If for « = «, the left-hand side of (13.15)
does not vanish with u, we obtain a solution (or a finite number of solutions) of the
requiréd nature for «, in terms of (¢ — v), p or for (¢ — v) in terms of »,, 1 ; that solution
of the family Jf for which « = «; leads then to a singly-infinite family (or to a
finite number of such families) of periodic solutions which varies continuously with p.
In this case, then, the doubly-infinite family of periodic solutions which exists when u = 0
leads when p # 0 to a finite number of singly-infinite famlies of periodic solutions.

We may note how this conclusion fits in with a remark made at the end of § 7 (i)
(p- 170 above). We there saw that in special cases there may branch from Family I
at the generating solution a doubly-infinite family of periodic solutions instead of a
finite number of singly-infinite families : the cases in question are, of course, those in
which the system (5.1) is ““ soluble.” There is, then, an obvious connection between
the statement just italicised and the fact that in § 7 the general case is that in which
there branch from the generating solution two singly-infinite families of pericdic solutions
and not a doubly-infinite family. We may sum up by saying that for an arbitrary
Hamiltonian system the periodic solutions are wn general *“ singular.”

It is easily shown that the theorems italicised on p. 212 above are true of a periodic
solution of zero characteristic ratio which belongs to a singly- but not a doubly-infinite
Sfamaly of periodic solutions.

SUMMARY AND SYNTHESIS.

§ 14. On the Totality of all Regular* Periodic Solutions possessed by a gwen Hamilionian
System. ‘

The preceding investigations have all been purely “local ” in character ; starting
from a periodic solution & we have shown how to find, for a sufficiently small netghbourhood
of &, families of periodic solutions to which & belongs. Our object is now as far as possible
to synthesise the infinite number of scraps of ““local ” knowledge thus obtainable so as

* For the explanation of this term see § 10, pp. 185, 186, above.
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HAMILTONIAN SYSTEMS OF DIFFERENTIAL EQUATIONS. 217

to gain some idea of the mutual relations of all periodic solutions possessed by a given
Hamiltonian system of equations. This appears to be a problem of great complexity,
and certain parts of what follows are distinctly speculative in character. The essence of
the complication is this : that whereas the investigation of §§ 6, 7 or 9 furnishes periodic
solutions in the neighbourhood of £, it certainly does not furnish all the periodic solutions
in this neighbourhood. In fact, it appears that the problem of finding all the periodic
solutions in any neighbourhood of &, however small, may be of the same order of
complication as the similar problem in which we do not thus restrict ourselves to a
specific neighbourhood. '

(i) We start by summing up the chief results of the preceding work.

TurorEM 1.—A fourth order Hamiltonion system

do _ F  dy,__  OF

dt oy’ dt 0wy

possesses reqular periodic solutions if there exists a point (1,0, y,0) at which the derivatives
oF [ox;, OF [0y, oll vanish, and at which the analytic function F is reqular (§12) ; i also
possesses such solutions if F differs sufficiently little from o Hamaltonian function Fy for
which the equations are known to possess a reqular periodic solution (§13). We do not
enquire further into the necessary conditions that F must satisfy in order that (14.1) may
possess periodic solutions. (For references see the end of § 4 above.)

TororEM I1—If the system (14.1) possesses a regular “periodic solution £ (not am
equalibrium solution), it ‘possesses also a continuous singly-infinite family I (of which & is a
member) of such solutions, for which the parameter s and the characteristic ratio R vary
contrnuously along the family.

Analytically the family JF is specifiable in the form

z, = ¢ (p, €7), Y= Yp(p,e?), . . . . . ... (142)
where the ¢,, §;, are absolutely convergent series in positive powers of p and positive and
negative powers of e, and o is an absolutely convergent series of positive powers of p ;
the solution & is given by p == 0. In general we can express p (and therefore also the

- ¢, Yz) as a power series in (¢ — v), where v is the parameter of & ; the exceptional case
is that in which dp/ds vanishes for s = v, and p and the ¢;, ¢, are then in general
expressible in powers of (s — v)"*, where # is an integer >1 (§§ 6, 7 (1), 9, 10, 11).

TuEOREM IIA.—When ¥ is a real function of the z;, y;, and the solution £ is real and of
real period, those solutions of the family IF are real for which the period is real. For all such
real solutions near & the characteristic ratio R is real or unreal, according as the characteristic
ratio Ry of & is real or unreal ; except that when Ry = 0, R in general changes from real to
pure-imaginary as we pass through & along the (real) family, and when Ry = %, R similarly

changes from real to complex. (§§ 6, 7 (iii), 9.)

VOL. CCXXVIL.—A. _ 2¢
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TuroreM III.—If for the solution & the characteristic ratio has a real non-zero com-
mensurable value, viz., the ratio of two integers Ny, vy mutuolly prime, there branch from the
family ¥ at & a finite number (in general) of other singly-infinite families of reqular periodic
solutions, of which the parameter tends continuously in the neighbourhood of & to the value of
v/vo and the characteristic ratio to the value 0. In general t/zere are two such families,
F., F.. Their analytical specification is of the form

= ¢y {(c — V), €}, Y = $pf{lc — V), e}, . . .. (14.3)

where the ¢, ¢, are absolutely convergent series of positive powers of (¢ — v)* and
positive and negative powers of 7. When v, =2 or v, = 3 there is in general only
one such family. (§7 (i), 10, 11.) '

TaroreM I111a.—When F is a real function of the x, y, and the solution & is real and of
real pertod, both families I, IF, possess real solutions of real period, forming continuous real
SJamilies I, IV, ; in general these real families arg limited by the solution &, i.e., they
extend on one side only of &. The characteristic ratio is in general real for the solutions
composing IV, and pure-imaginary for those composing Iy, (§7 (iii).)

TurorEM IV.—In the neighbourhood of a reqular equilibrivm solution € there are, in
general, two or more families of reqular periodic solutions having € as a limiting member.
Analytically, such a family is in general of the form

= $r{(o ‘”‘V)%, 6"l}, Yr = Up {(5 - V)%a eat},

where the ¢,, {; are series of the same nature as those in (14.2), (14.3) and the equilibrium
solution € is given by ¢ = v. (§12.)

TurorEM V.—When in tke equations (14.1) F is an analytic function of an arbitrary
parameter u, each family of periodic solutions varies continuously with v, and wn general
each pertodic solution can be continuously correlated with one having the same characteristic
ratio. (§13.)

TreEOREM VA.—When ¥ s a real function of p. and the xy, 4, a periodic solution of given
characteristic ratio can, in varying with w, change from reality to unreality only by uniting
with another of the same characteristic ratio. (§13.)

TaEOREM VI.—The occurrence of a doubly-infinite family of regular periodic solutions
1s to be regarded as exceptional (§ 13).

Suppose that & is a real regular periodic solution of real period and real characteristic
ratio ; then, from these results, it is easily seen that there must be in general an infinity
of real families of regular periodic solutions in the neighbourhood of &. We have first of
all the family JF (Family I of §§ 6, 7, 9) to which & belongs ; from all “ rational points
of this (i.e., solutions whose characteristic ratio is rational) there branch two real families,
¥, ¥,, and for each Jf, the characteristic ratio is real and continuous; from each
“ rational point ” of each JF, there branch two new families, and so on, and since for any
family rational points are everywhere dense there are infinitely many families traversing
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an arbitrarily smallneighbourhood of €. Our problem is to unravel the mutual relations
of these families. :

(ii) The Region of Convergence of a Family of Regular Periodic Solutions.—The
investigations of §§ 5-11 furnish the equations of such a family in general in the
form

Ly, == f]sk (C, Gat), yk = EIJ]G (G, 6"‘), e e e e e e e (14:.4:)

where the ¢, ¥, are Laurent series in ¢ with coeflicients which are convergent power
series in (¢ — v) or in (¢ — v)*".  These coefficients are thus analytic functions of o,
and over any range of ¢ for which their analytic continuation is possible (14.4) must
remain a periodic solution of the equations. Moreover, if at any singularity ¢ = ¢, of
one or more of these coefficients the functions ¢é;, ¢, remain determinate Laurent series
in ¢, (14.4) will remain a periodic solution for ¢ = 5, and may be called a singular
member of the family (14.4). Now the preceding work has shown under what conditions
a regular periodic solution £ is a singular member of a family Jf. Suppose that (14.4)
represents the family §f and that & corresponds to ¢ = o, ; then we have seen in (i) above
that the ¢, ¢ are developable in powers of (¢ — o,) unless

(@) the parameter & (or period T) for the family Jf is stationary in value at 6 = o, ; or

(b) the family JF degenerates for o = o, into a solution having the parameter ne where
n is an integer greater than 1, so that Jf branches from another family at ¢ = o, ; or

(c) the family Jf degenerates for ¢ = ¢, into an equilibrium solution ; or

(d) the solution for which ¢ = 6, is not a regular periodic solution. The singular
solutions of a family are those for which one of the conditions (a), (b), (¢), (d) s satisfied,
and the circle of convergence C in the o-plane of the development of the functions ¢y, Yy
about the point o = v goes through the nearest point o = o, for which the solution (14.4) s
singular.

It is evident that (c) is not a general case; and there are reasons (which do not
amount to a proof and will not be given here) to suppose also that (@) and (d) are not.
It 4s reasonable to assume that in general the  singular ” solutions of a family are
“ degenerate ” members of it n the sense of (b) above. ’

Now the range of convergence found in § 10 for the developments of Families II, III,
in powers of (c — v)* is governed by the magnitude of the integer v,, and though we
have found there only a lower limit to the actual range of convergence, which is, say,
|o —- v| = s, we may plausibly suppose that s, tends to zero as v, — . Combining
with the assumption just made we see: 4t is reasonable to assume that the smaller the
parameters of the solutions of a family, the nearer together will occur “ degenerate” members
of it.’

(i) Classification and Geometrical Representation of Real Periodic Solutions.—We
take the well-known geometrical representation in which the ;, y, are rectangular
co-ordinates in four-dimensional space; any real solution is then represented by a

2 a 2
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curve or trajectory in this space, and for a periodic solution the corresponding trajectory
is a closed curve. ‘

To gain some idea of the nature of the mutual relations between the infinitely many
families of periodic solutions which have been seen to exist, it is advantageous to suppose
that the system (14.1) is such that through any point of the space there passes an
analytic three-dimensional “ surface ” ¥/, closed or infinite, which is touched by no
trajectory.* We call ¥ a surface of section.

The existence of such a surface of section is closely connected with that of two-dimensional surfaces of
section as studied by Porncarf and Birknorr (loc. ¢it.). We do not enquire here what restriction, if any,
is imposed on the system (14.1) by making this hypothesis. As a simple example, take

F = (y1/es, 2o, ) - 673 + 00,

where fis one-signed for all real z,, ¥y, %, ¥, ; then it will be found that

d(tany/®) _ p _ onstant
dt ,

so any surface of the family y/x = constant is a surface of séction. This example illustrates the fact that
the existence of a surface of section does not imply that the system is ““ soluble.”

Any periodic trajectory cuts ¥ in a finite number of points,”and from reasons of
continuity combined with the characteristic property of ¥ it is apparent that for
trajectories which correspond to periodic solutions of any one family I the number of such
intersections s the same. We define the order of a periodic solution as the number of
points in which the corresponding trajectory cuts ¥. Along any family ff, then, the
order # is invariable (and, of course, integral), and the family is represented within ¥ by
n analytic curves 1L, ... &L,, in which the corresponding family of trajectories cuts 7.

Now let ff, be a real family of periodic solutions which branches from Jf at a solution
£, having the period T and characteristic ratio Ao/v,. Then for Jf, the period tends to
the value v, in the neighbourhood of &, so clearly f, is of order nv,, and is represented
within ¥ by nv, analytic curves which radiate in sets of v, from the » points on
L, ... L, respectively which represent £. Thus, provided there ewists a surface of
section, the whole aggregate of famalies of periodic solutions is represented by a connected
aggregate A of curves in a three-dimensional space. The relations between any group of
families are most easily pictured by reference to d. :

This geometrical representation forms a natural extension of our previous one, which
used the branching of curves in a plane (figs. 1-10), with the advantage that by going
from two dimensions to three we are able to represent all families on the one figure.

Now suppose, in accordance with the supposition at the end of (ii) above, that a
family JF of order # possesses two “ degenerate ” solutions &,, S, of orders n,, n,
respectively, so that n/n,, n/n, are integers > 1. Then &, &, belong to families ¥,
I, of orders #,, n,respectively, and these are connected through Jf. If another family

* § is not allowed to have an “ edge ” of two dimensions or less, for the trajectories through the point

of such an edge are counted as touching ¥'.
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3

JF also has ““ degenerate ” members in common with Jf;, J,, we shall evidently have
belonging to 4 a finite number of closed curvilinear polygons, made up of portions of
‘the curves which represent ff, §V, 5, 5. In figs. 8 and 9 (g > 0) we have illustrated
a case in which an JF has two ““ degenerate ” members in common with the same ff,,
and examples may be given of equations for which distinct families Jf,, JF, are connected
by several families, as above. We thus reach the conception that the aggregate A consists
of a network of closed meshes ; and it is in accordance with the last sentence of (ii) above
‘to speculate further that the side-length of & mesh tends to zero as the order of the corre-
sponding family tends to infinity.

Concerning the aggregate @ there arise several further questions of which the answers
‘would provide information of great interest, e.g. :

(@) What are the rules which relate the orders of successive *“ degenerate ” members
of a family of given order ?
.(b) Given two families of known orders, what are the orders of the families which
connect them, and are such families finite or infinite in number ?
{(c) Are there points of q arbitrarily near to each point of ¥ ¢
(d) What is the asymptotic behaviour of the » points which represent a solution of
order % when # is large, e.g., do they tend to become everywhere dense in g ?

It seems that there is little hope of making progress towards answering these questions
by using, as throughout the preceding work, power series for the specification of the
families. Moreover, simple illustrative examples are lacking because we are concerned
here with “ insoluble * and not with “ soluble * systems. '
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